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Abstract 

In 1962 M. J. Wicks [29] gave a precise description of the form a commutator could 
take in a free group or a free product and in 1973 extended this description to cover 
a product of two squares [30]. Subsequently, lists of “Wicks forms” were found for 
arbitrary products of commutators and squares in free groups and free products [7], 
[28]. Here we construct Wicks forms for products of commutators and squares in a 
hyperbolic group. As applications we give explicit lists of forms for a commutator 
and for a square, and find bounds on the lengths of conjugating elements required to 
express a quadratic tuple of elements of a hyperbolic group as a Wicks form. 


1 Introduction 

In 1962 M.J. Wicks [29] described algorithms to decide, given an element u of a free group 
or a free product of groups, whether or not u is a commutator; and in 1973 [30] extended 
the results to cover the case where u is a product of two squares. These algorithms are 
based on the construction of a set of “forms” for commutators and squares. For example, an 
element u in the free group F{X) is shown to be a commutator if and only if it is conjugate 
to a cyclically reduced word of the form F = ABCA~^B~^C~^, with A,B,C E F{X) 
(where cyclically reduced means the word and all its cyclic permutations are reduced). 
The analogous result for a word u equal to a product is that u is conjugate to a 
cyclically reduced word Fi = A^BC^B~^ or F 2 = ABACB~^C. We call the words F, Fi 
and F 2 Wicks forms for commutators and products of two squares, in free groups. The 
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lists of forms [29], [30] for commutators and products of two squares in free products of 
groups are similar though more involved. 

The question of whether an element is a commutator or product of squares is an example 
of an equation over a group: as defined in Section 2.3. Landmarks in the theory of equations 
over groups are the papers of Makanin [23] showing that arbitrary systems of equations 
over a free group are solvable, in the free group; and of Razborov [26] giving a parametric 
description of the set of all solutions. The complexity of Makanin’s algorithm is very high: 
it is not known to be primitive recursive, whereas Wicks’ algorithms which show that the 
quadratic equations [a, b] = u and = u, in variables a, b, are solvable in free groups 
and free products, run in time bounded by a polynomial in the length of u. In addition, 
quadratic equations play an important part in algorithms for solution of general systems 
of equations, and they are closely related to compact surfaces. For these reasons, among 
others, the study of quadratic equations is of independent interest. 

An element of a group is said to have orientable genus n if it may be expressed as a 
product of n commutators, and no fewer, and non-orientable genus n/2 if it is a product of n 
squares, and no fewer (see Section 2.3 below). The corresponding quadratic equations were 
shown to be solvable in a free groups by Edmunds [10], [11]. Culler [8] and, independently, 
Goldstein and Turner [13], used the theory of compact surfaces to produce such algorithms; 
in particular Culler described a set of Wicks forms for elements of orientable and non- 
orientable genus n in the free group. Algorithms to decide the solvability, and to find 
a solution, of a general quadratic equation over a free group and over a free product of 
groups (where quadratic equations are solvable in the factors) were given by Comerford 
and Edmunds [5]. In the case of the free group, Ol’shanski [24] (see also [15]) shows that 
there is such an algorithm which runs in time polynomial in the length of the coefficients 
of the equation (see Section 2.3 for more detail). The set of all solutions of a quadratic 
equation in a free group F{X) can, as shown by Comerford and Edmunds [6], be described 
in terms of a hnite set of basic solutions and certain F(X)-automorphisms of F{A)*F{X)] 
and all the parameters of this description may be effectively computed, given the equation 
w = 1. In fact Grigorchuk and Kurchanov [15] show that the set of basic solutions of 
the quadratic equation w = 1 may be computed in polynomial time in the length of the 
coefficients of w. Moreover in [15] a set of Wicks forms for solutions of a given quadratic 
equation in a free group is shown to exist. 

Quadratic equations in small cancellation groups and hyperbolic groups were studied 
in [25], [18], [22]. Ol’shanskii [24] [Theorem 6] (see also [15]) constructed an algorithm, 
to determine whether or not a quadratic equation of genus g has solution in H, and if 
so to hnd one. Moreover this algorithm runs in time bounded by a polynomial in the 
sum of the lengths of coefficients. A parametric description of the set of solutions of a 
quadratic equation was described in [14]. Generalising Makanin’s algorithm. Rips and Sela 
[27] proved the existence of an algorithm for the solvability of a finite system of equations 
over a torsion-free hyperbolic group, and Dahmani and Guirardel [9] have extended this 
result to cover the case of hyperbolic groups with torsion. 

In [28] Vdovina described a procedure for constructing Wicks forms for elements of any 
orientable genus in a free product. In this paper we use similar methods to construct Wicks 
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forms for elements of arbitrary genus in hyperbolic groups. Using the forms of genus 1 and 
1/2 we then list all the possible forms of commutators and squares in a hyperbolic group. 
Similar lists of forms could be constructed for elements of higher genus. However, the 
number of possible extensions increases dramatically with the increase of genus: Bacher 
and Vdovina show [2] that the number of orientable Wicks forms of genus g is We 

also describe, as an application of our results, forms for quadratic tuples of words (dehned 
below). 

We begin by introducing a number of dehnitions and preliminary results in Sections 2.1 
to 2.3. The key technique which we call an “extension” of a quadratic word is introduced 
and developed in Sections 2.5 and 2.6. This puts us in a position to state the main 
results of the paper: Theorem 2.23 and Theorem 2.24, in Section 2.7. Section 3 contains 
some applications of these theorems. In Sections 3.1 and 3.2, we prove Propositions 3.1 
and Propositions 3.2, which describe the possible forms for commutators and squares in 
a 5-hyperbohc group H. In Section 3.3 we discuss quadratic equations, give bounds on 
the length of elements in “minimal” solutions to such equations and show how the main 
theorems may be used to describe forms for quadratic tuples of elements. The proofs of the 
main theorems are left to Section 4. In Section 4.1 we give preliminary results needed to 
construct an appropriate extension; and complete this construction in Section 4.2. Finally, 
in Section 4.4 we bound the length of the conjugator which appears in the main theorems. 

2 Definitions and Main results 

2.1 Hyperbolic groups 

For background on hyperbolic groups the reader is referred to [1, 12, 17]. Here we use the 
notation of [1]. The Cayley graph of a group G with respect to a generating set X will 
be denoted Fx(G). As usual, the word metric and makes G into a geodesic metric space. 
We use [x, y] to denote a geodesic path p from x to y and (x, y ], [x, y) and (x, y) to denote 
p\{a;}, p\{a;} and p\{x, y}, respectively. If p is a path from x to y then we write x = i(p), 
y = we denote the reverse of p from p to a: by p~^ and, if p is geodesic, then we write 
IpI = d{x,y). Let w he a. (reduced) word in F{X). The length of tc as a word is denoted 
|t(;|. If |n| > |tc| for all words v in F{X) such that w =g v then we say that the word w is 
G-minimal. We use the notation Itclc to denote the length of a G-minimal word in F{X) 
which is equal to w in G. It follows that, for all p G G, a G-minimal word representing g 
is the label of a geodesic path from 1 to p in rx(G). 

A geodesic triangle, denoted Axyz, consists of the union of three points x, y, z, of the 
the Cayley graph, and geodesic paths [x, y], [y, z] and [x, z] joining them. Let 77 be a group 
generated by a set X and let T = Axyz be a geodesic triangle in Tx{H). Let T' = A'x'y'z' 
be a Euclidean triangle with sides the same length as T. That is dE^x',y') = d{x,y) etc, 
where dE is the standard Euclidean metric. There is a natural identihcation map from T 
to T'. The maximum inscribed circle in T' meets the side [x'y^] (respectively [y'z'], [Vx'j) 
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at a point (respectively Cx, Cy) such that 

d{x', Cz) = d{x', Cy), d{y', Cx) = d{y', c^), d{z', Cy) = d{z', Cx). 

Notice that we have 

d{x', C 2 ) = ^id{x', c^) + d{x', Cy)) = ^id{x', z') + d{x', y') - d{z', y')). (2.1) 

The preimages ^“^(cj;), 0“^(cj^) and 0“^(c^) of Cx,Cy and in T are called the internal 
points of T. 

There is a unique isometry lt of the triangle T' onto a tripod: that is a tree with one 
vertex p of degree three and vertices x”,y",z" each of degree one, such that d{p,z") = 
d{z', Cy) = d{z', Cx) etcetera. Let '0 be the composite map ^jj = lt ° We say that a 
geodesic triangle is 5-thin if the fibres of ^|J have diameter at most <5 in TxiH). That is, 
for all X, y in T, 

V'(x) = i){y) d{x,y) < 5. (2.2) 

Definition 2.1. A group H is said to he h-hyperbolic, with respect to a finite generating 
set X, if all geodesic triangles in Vx{H) are 5-thin. A group is (word) hyperbolic if, for 
some 5 >0, it is 5-hyperholic, with respect to some generating set X. 

In the light of (2.1) and (2.2) a group is h-hyperbolic if and only if it satishes the 
following condition. Let w and z be any words in F{X) which are iL-minimal, with 
w = W 1 W 2 and 2 ; = Z 1 Z 2 , |tc| = |tci| + |tC 2 | and \z\ = \zi\ + \z 2 \. 

If |tC 2 | = \zi\ < 1^1 “ \'^^\h) then \w 2 Zi\h < 5. (2.3) 

It can be shown that word hyperbolic groups are finitely presented. For this, and an 
account of many characterisations of hyperbolic groups, see, for example, [1]. For the 
remainder of the paper, H will denote a (5-hyperbolic group, with respect to the generating 
set X, and we shall assume that H has a finite presentation (XIS*). 

The following lemma of Gromov (see [14]) shows that the conjugacy problem is solvable 
in hyperbolic groups. 

Lemma 2.2 ([14]). If H-minimal words hi and h 2 are conjugate in H, then a word w can 
be found such that hi =h wh 2 W~^ and 

|'?n| < 1^2!) + M + 1 , 

where M is the number of elements of H represented by words of F{X) of length < 45. 

(The obvious algorithm for the conjugacy problem based on the lemma above takes 
exponential time, in the length of the two input words, but a closer analysis yields linear 
bounds on the time required: see Bridson and Haefliger [4][pp. 451-454] or Bridson and 
Howie [3].) 
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2.2 Thin polygons 

Let H = {X\S) he a. finitely generated hyperbolic group. The following lemma is a more 
explicit version of [16][6.1C]; and of [24][Lemma 10]. Its statement requires some further 
notation. Let 7 = [x, y] be a geodesic in Tx{H) and let vq, ■ ■ ■ ,Vn be points of 7 such that 
Vq = X, d{x,Vi_i) < d{x,Vi) and Vn = y, and set 7 * = [nj_i,nj], i = Then the 

sequence 71 ,... , 7 ^ is called a partition of 7 . If 7 = [x,y] and 7 ' = [x',y'] are geodesics 
such that I 7 I = | 7 '| and, for all 2 ; G 7 and z' G 7 ', if d{x, z) = d{x', z') then d{z, z') < k] we 
say that 7 and 7 ' k-fellow travel. 

Lemma 2.3. Let q = 7071 ■ ■ ■'jn be a closed path in Vx{H), where 7 * is a geodesic path, 
for i = 0,..., n, n > 1. Then 

• there exist integers ro,..., 2 < r* < n and, for i = 0,.. .n, there exists a partition 

ofli and, 

• setting I = U”^o{(Li) • 1 < J < ''"i}; there exists an involution a of I, 
such that the following hold. 

(i) Writing a{0,i) = {ai,bi), for 1 < i < vq, geodesics 70 *^ and are ( 5 |'log 2 (n)]- 

fellow travellers and n > oi > ... > > 1 ; and 

(a) fixing i with 1 <i <n and writing <T{i,j) = {aj,bj), geodesics 7 ^^ and are 

5 ( 2 ]'log 2 (n)] — l)-fellow travellers and there exists an integer Ci, such that 1 < c* < 
r, — 1 and 


'a > Oci+i > ■ • • > Ori ^ f + 1 and f — 1 > fli > • • • > Oq ^ 0 - 

(Hi) In addition, cr(0,1) = {n,n), a{i,l) = {i — l,n), for I < i < n, and 7 -^^ and 
ai^G d-fellow travellers, for 0 < i < n (subscripts modulo n + 1). 

(Here ^( 7 ^^) and r( 7 {'^^) are not necessarily vertices ofTniX). In (ii) if Oj = 0 then, from 
(i), in fact and are 6\\og 2 {n)~\-fellow travellers.) 

An instance of the case n = 4 is illustrated in Figure 2.1. 

Proof. Let k = [log 2 (n)]. By adding paths of length zero between r( 7 „) and 6 ( 70 ), we may 
assume that n = 2^. Thus we may replace [log 2 (n)] with k, throughout the statement of 
the lemma. If fc = 1 then the result follows directly from the thin triangles condition; the 
internal points of a triangle determine appropriate partitions of the sides. 

For the induction we need to be able to modify the partitions of the 7 * by adding new 
points, so we begin by describing how to do this. The data consisting of the partitions 
7 ^^^ ..., 7 !"^ of the 7 i and the map a, as in the lemma, is called a matching of q, based at 
7 o. Given a matching M as described in the statement of the lemma, satisfying (i), (ii) 
and (iii), supp pose that for some i,j we have points p, r such that 7 ^^ = [p, r] and a point 
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Figure 2.1: and ( 7 !^^) ^ are 4(5-fellow travellers and and ( 72 ^^) ^ 

travellers. All other paired intervals (5-fellow travel. 


are 2(5-fellow 


g G [p,f'],p^q^ r. We form a simple refinement M' of M as follows. Let cr(i, j) = (a, 6 ), 
let 7 ® = [p',r'] and let q' be the point of [p',r'] such that d{p,q) = d{q',r'). Replace 
the partition 7 ^^^^, • • •, 7 ^^*^ of 7 i with the partition 7 ^^*'^^, 


1 < s < j — 1, = [p, q], = [q, r] and 7 -''®'’ = 7 ]^^ for j -|- 2 < s < r* -|-1. Replace 

the partition 'j2'\ • • •, 7 !’'“^ of 7 ^ with the partition 7 a ..., 7 a formed in exactly the 
same way (replacing i, j, p, q and r, by a, b, p', q' and r', throughout). Now replace a with 
an involution a' such that 


./O'+i) 


/(s) 




'(ri+1) , /(s) (s) 

, 7 / h where 7 I ' = 7 ) h 


for 


a'{i, s) = (j(*, s), 1 < s < J ~ I 5 ^'{. 0 , 1 1) = <^(05 t)A ^ b — 1 

= {a,b + 1 ) and -|- 1 ) = (a, b), a'{a, b) = {i,j -|- 1 ) and a'(a, 6 -|- 1 ) = {i,j) 

a'{i, s) = a{i, s — l),j + 2 < s < Vi + 1, a'{a, t) = (j{a, t — l),b + 2 <t < r^, + 1, 

and for u ^ i,a, 

{ {i, s -|- 1 ) if a{i, s) = (u, n), where j + I < s < ri, 

(a, t + 1 ) if a{a, t) = {u, v), where b + 1 < t < Va, 
a{u,v) otherwise. 

Then these partitions of the 7 * together with the function a' form a new matching of g, 
which again satishes conditions (i), (ii) and (iii). A hnite sequence of simple rehnements 
of M is called a refinement. 

Assume then that k > 1, that the result holds for all non-negative integers n no larger 
than 2^~^ and that n = 2^. Let 7 q be the geodesic path from r( 72 fc-i) to r( 7 o) and let 
72 fc_i be the geodesic path from t( 7 o) to r( 72 / 0 - 1 ) (see Figure 2.2). Let cq, Cq and Cg be the 
internal points of triangle T = 7 g 7 'Q ^ 7 '^/_i, with cg on 7 g, Cg on 7 q and Cg on 72 fc_i and let 
to = ^( 70 ), = "^( 70 ) and ^2 = t'ilo) be the vertices of T. Let Mg be the corresponding 
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72 '=-! 


72 '=-!+! 



matching, with partitions [to, Cq], [cq, ti] of 70 ; [ti, c^,], [c^,, ts] of 7 o ^ and [ta, c'q'], [c'q', to] of 
7 '^fe^_i; and involution such that (Jo( 0 , 1) = (2,2), (To(0,2) = (1,1) and (To(1,2) = (2,1). 
Let q[ = 7 o 7 i ■ ■ • 72 »=-i and q '2 = 72 *;-i 72 '=-i+i ■ ■ • 72 ''- From the inductive hypothesis, there 
exist matchings Mi of and M 2 of ^ 2 , based at 70 and 72 *,-!, respectively. Suppose that 
(Ti is the involution associated to Mi and that, under these matchings the partitions of 70 
and 72 fc_i are 7 '[)^\ and 7 '^lli,..., respectively. 

We shall rehne the partitions Mi and M 2 , so that the intervals, lying between ^2 and 
either Cq or Cq, are of the same number and lengths. First, single out the end points 
of intervals of the partitions of Yq and 72^-1 which lie between [t 2 ,Co] and [ 00 ,^ 2 ]- That 
is, let S'! = {p e [t 2 ,Co] : p = r( 7 'J^^),l < j < r'} and let 5*2 = {p G [c'o,t 2 ] : P = 
i( 7 ^ 2 ^fc_i),l < J < r"}. Now form sets of points to be used in the rehnement: let Ti = 
{q e [t 2 ,Co] : d{q,t 2 ) = d(p, ^ 2 ), for some p G S' 2 } and T 2 = {g G [ 05 ,^ 2 ] : d{q,t 2 ) = 
d{p,t 2 ), for some p G S'!}. Rehne Mi by adding the points of Ti U {cq} to Yo and rehne 
M 2 by adding the points of T 2 U {cg} to y^k-i. We shall now consider Mi and M 2 to be 
these rehned matchings and, after adjusting notation, take the partitions of Yo and 72^-1 

to be Yo'^ and 7 '^iU,..., Y^l-i, again. 

Now we rehne Mg, using the partitions of Y and 72^-1 under Mi and M 2 . Let Ui = 

{p G [t 2 ,ti\ : p = t{Yo^), 1 < j < r'} and U 2 = {p e [^ 0 ,^ 2 ] : P = YY 2 ^-i), 1 < J < F'}. 
Rehne Mg by adding the points of UiUU 2 . As before we refer to the rehnement as Mg and 
to its involution as Ug. Under Mg we have a partition 7 q^\ ..., 7 q^°^ of 7 g with the following 
properties. For j such that G [to, Cq] the interval has terminal point on [tg, Cg] 


and (5-fellow travels with JqK From the inductive hypothesis, and the fact that rehnements 
preserve properties (i), (ii) and (iii), and are d(k — l)-fellow travellers, where 

(a, b) = (T 2 ( 2 ^“\ j). Hence and ( 7 !^^)“^ are (5fc-fellow travellers and we may set cr(0,j) = 
0 - 2 ( 2 ^“^, j). Similarly, for j such that Ylo^) ^ [co,ti], if ai{0,r' — rg + j) = {a,b) then the 
intervals and are (5/c-fellow travellers and we may set cr(0, j) = cri(0,r' —rg-f-j). 

This dehnes a on all pairs (0,j), with 1 < j < rg. If 1 < i < 2 ^“^ and j is such that 
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{i,j) 7 ^ a{0,j'), for all j', it follows from construction of Mi that ai{i,j) = {a,b) where 
either a = 0 and 7 'g^^ has initial point in [t 2 ,CQ] or 1 < a < 2^“^. In the former case 7 'q^^ 
is a subinterval of [t 2 ,Co], which d{k — l)-fellow travels with ( 7 ^'*)“^, cro( 0 ,&) = 
and the interval 'y' 2^-1 of 72 fc-i is a subinterval of [cQ,f 2 ] and (5-fellow travels with ( 7 ^ 0 ^^)“^. 
Furthermore, ( 72 ( 2 ^“^,/) = {c,d), for some c with 2^“^ -|- 1 < c < 2^, and 7 ^ 2 '=-! 

( 7 c^^)~^ are 6{k — l)-fellow travellers. Hence, in this case, 7 ^^ and ( 7 c'^^)“^ are 26{k — 1)- 
fellow travellers; and we may set = {c,d). In the latter case ai{i,j) = {a,b), where 

1 < a < 2 ^“^, so 7 p^ and are 6{2{k — 1 ) — l)-fellow travellers, so we may set 

u{i,j) = {(i,b). This defines a on all pairs where 1 < ^ < 2 ^“^. A similar argument 

allows us to dehne a on the remaining pairs {i,j) where 2^“^ -|- 1 < i < 2^. Therefore we 
have a matching M which satisfies (i) and (ii). If this matching does not already satisfy 
(iii) then a simple modification results in one that does. □ 

2.3 Quadratic equations, genus and quadratic words 

We write Z[i] for the set {n/2 : n G Z}. We use Stallings’ definition of the genus of a 
surface: a connected sum of g torii has genus g, while a connected sum of g projective 
planes has genus g/2. (Hence the Euler characteristic of a compact, connected, closed 
surface A, of genus g, is x(A) = 2 — 2g, irrespective of orientability.) 

By a graph we mean a finite directed graph. If e is an edge of a graph we write 6 (e) 
and r(e) for the initial and terminal vertices of e. We use to denote the edge with 
6 (e“^) = r(e) and r(e“^) = 6 (e). If p is a path in a graph with edge sequence ei,..., e„ 
then we denote by p~^ the path with edge sequence e“\..., ej“^. A labelling of a graph 
is a function A from directed edges of the graph to a set L such that if e is an edge with 
A(e) = A then A~^ G L and A(e“^) = A“h We routinely identify the edge e with its label 
A(e). 

Let A be an countably infinite alphabet. The support of a word w in the free monoid 
(AIUAI“^)* is the smallest subset 5 of Al such that w belongs to (iSUiS“^)*, written supp(t 6 ’). 
As we are concerned here only with groups, we refer to elements of {A U Al~^)* as words 
over A. A word in (AlU Al“^)* is (freely) reduced if it contains no subword where 

X G AuA~^, e = ±1, and (freely) cyclically reduced if w and all its cyclic permutations are 
reduced. We use the term cyclic word to mean the equivalence class [tc] of a word w under 
the relation which relates two words if one is a cyclic permutation of the other. When we 
talk about a cyclic word w we mean any element v of [ta]. 

Definition 2.4. Let wi,... ,Wt be a t-tuple of words over A and let W = wi ■ ■ ■ Wt (as a 
word in {A U A~^)*). Then tCi, ... ,Wt is said to be quadratic if each element o/supp(hF) 
appears exactly twice in W. In this case, let x G supp(hF) and let W = WoX^WiX^W 2 , 
where e,6 E {±1}. Then the signature a(x) of x in wi,...,Wt is cr(x) = (e,6). Define 
o{x) = —e5, where a(x) = (e,6). If o{x) = 1 then we say that the letter x is alternating, 
in Wi,... ,Wt. If every element x of supp(hF) is alternating then Wi,... ,Wt is said to be 
orientable. The signature of a quadratic tuple Wi,... ,Wt is the map a from supp(hF) to 
{±1} X {±1}. 
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Let X and A be disjoint sets and let w be an element of F{X) * F{A). The expression 
ta = 1 is called an equation, with variables A. If if is a group with presentation (ff|*S') 
then a homomorphism 0 from F{X) * F{A) to H is an H-map if the restriction of (j) to 
F{X) induces the identity map on H. A solution to the equation tc = 1 over H is an 
ii-map (j) : F{X) * F{A) —)■ H such that (j){w) =h 1- Given w G F{X) * F{A), write 
w = CoOiCi.. .Cn-ian, where Oi G F{A) and Cj G F{X), with Cj 7 ^ 1, i > 0, and Oj 7 ^ 1, 
i < n. Then the equation tc = 1 is said to have coefficients Co,...c„_i. The equation 
tc = 1 , with w = CoOiCi... Cn-ittn as above, is quadratic if Oi,..., a„ is a quadratic n-tuple 
over A, orientable if oi,..., is orientable, and non-orientable otherwise. 

To a quadratic equation w = 1, with coefficients cq, ... ,Cn-i, we associate a surface 
S as follows. Take a copy D of the disk and divide its boundary into |ta| segments 
(the length taken in F{A U X)). Write w anti-clockwise around the boundary of a disk, 
labelling segments consecutively with the letters of supp(tc), and directing segments anti¬ 
clockwise when a letter occurs with exponent 1 , and clockwise when the labelling letter 
has exponent —1. For example if ta = ABCA~^B~^C~^, where A,B,C G A, we obtain 
the labelling at the top left of Figure 2.4. Now identify the segments labelled by the 
same letters, respecting orientation. We obtain a compact surface of genus g, for some 
9 ^ 0, g G Z[i], with n boundary components, which is orientable if and only if tc = 1 is 
orientable. After identification the oriented segments on the boundary of the disk become 
the edges of a directed, labelled graph F^ on the surface with boundary if n — 1 > 0. 
We call this graph the graph associated to w. (See Example 2.6.) Every edge e of F^ is 
labelled with an element of supp(tc) and directed edges are in one to one correspondence 
with supp(ta); so we identify edges with supp(tc). Edges on the boundary of S are labelled 
by elements of X while two-sided edges are labelled by elements of A. The equation w = 1 
is said to have genus if S is a surface of genus g. 

Now consider the following types of quadratic equation. The orientable, genus g, 
quadratic equation 

t g 

i=l i=l 

with variables Vi,Xi,yi, and the non-orientable, genus g, quadratic equation 

t 2g 

= 1, (2.5) 

2=1 2=1 

with variables Vi,Zi, where the coefficients are the c* in both cases, are called standard 
quadratic equations. A quadratic equation ta = 1 is equivalent to a standard quadratic 
equation: in the sense that there is an efficient procedure to transform w = 1 into one 
of (2.4) or (2.5), and to transform a solution (j) oi w = 1 into a solution of the resulting 
equation; and vice-versa (see for example [14][Proposition 2.2]). 

Now let tc = 1 be the equation (2.4) or (2.5) and suppose V’ is a solution to tc = 1 over 
H. In the construction of the surface above, we labelled the boundary of a disk D with 
the word w. Replacing the label a of each directed edge of D with -^(a) we obtain a disk 
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with boundary label il>{w). As 'ijj{w) =h 1, there exists a van Kampen diagram on D, with 
boundary label 'ipi'w), over H] and this gives a van Kampen diagram on 

Conversely, consider a van Kampen diagram A' on a genus g, surface S with t boundary 
components. To construct a solution to one of (2.4) or (2.5) we allow van Kampen diagrams 
to contain null-cells: that is 2-cells with boundary labels of the form 1 • x • 1 • x~^, x ^ X. 
Given a 2-cell i? of iC we may replace each directed edge of R with boundary label x by 
a null-cell; as on the left hand side of Figure 2.4. We call the result a thickening of R. 
Whenever we do this it gives us a new van Kampen diagram, on S with the same boundary 
labels. Returning to K, we wish to show that we may cut S along a closed curve c which 
separates S into two surfaces, such that capping each surface off with a disk glued along 
its copy of c, one surface is of closed of genus g and the other is a sphere S with t 
boundary components, labelled Ci,..., q, when read with the appropriate orientation of S. 
Moreover, we would like to choose c to be a subgraph of the 1-skeleton Ki of K. Since S is 
the 2-skeleton of iC, the graph Ki is connected, and we may choose a minimal connected 
subgraph T of Ki which contains every boundary component. Thicken every 2-cell which 
meets T. The union of the null-cells of (this thickened version of) K meeting T is then a 
genus 0 sub-surface A of S containing all boundary components. The boundary of A has 
no self intersections and is a path in Ki. If S is orientable and the boundary components 
are labelled ci,... ,q, when read with some chosen orientation of S then the boundary 
components of A are also labelled ci,..., q; and so we may take c = 6A. 

In the case that S is non-orientable and t > 0, our assumption on the boundary 
components means that each boundary component may be assigned an orientation in such 
a way that, reading each boundary component’s label, with its chosen orientation, from a 
suitable base point 6*, the boundary labels are Ci,..., q. This means in turn that, reading 
the labels of the boundary components of the disk A constructed above, according to some 
hxed orientation of A, we obtain the list ..., cf*, with Si = ±1 (ignoring the boundary 
label of c itself). To modify this disk so that the Si are the same, for all i, we use the 
non-orientability of S. First choose a vertex * of iC on the boundary c of the disk D, and 
a base point on the boundary component labelled Cj, for each i (so that the boundary 
label may be read from bi). Then, after thickening some 2-cells if necessary, we may choose 
paths Pi in D n Ki, from * to Pi, for i = 1,..., f, so that the Pi have disjoint interiors and 
the boundary component of the surface obtained by cutting S along the pi is n!=i WiCiWl[^, 
where Wi is the label of pi, as in Figure 2.3a. 

Suppose that = 1 and i is minimal such that e* = —1. Then choose vertices vi 
and V 2 on c and paths qi, from * to Vi, and q 2 , from V 2 to bi, so that the path qi^Piq^^ 
cuts a disk from D, not meeting any boundary component Cj and so that the qi meets pj 
only at *, for all j, and q 2 meets pi only at bi and meets no other pj] as in Figure 2.3b. 
Now let g be a simple, orientation reversing, path on S from vi to V 2 such that q meets D 
only at Vi and V 2 , as in Figure 2.3c. Such a path exists since S is non-orientable. After 
thickening the 2-cells meeting these paths we may assume that q and qi are edge paths 
in Ki. Replace the path pi with p'- = qiqq 2 - Now repeat the construction of D using the 
tree piU ■ ■ ■ U p[U ■ ■ ■ U pt instead of T. This time the boundary components have labels 
c^i ,..., cl\ where = ••• = £* = 1. Continuing this way, eventually all the Si are equal. 
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Figure 2.3: Reversing orientation of a boundary component 


Thus, in all cases, there is a closed edge path c in Ki with the required properties. Let 
C be the label of c. The disk A gives a solution to the equation n!=i v^^CiVt = C and 
the surface S\int(A) gives a solution to the equation if S is orientable, 

and otherwise. Combining these we obtain a solution to (2.4) or (2.5) 

as appropriate. Thus there exists a solution to tn = 1 if and only if there exists a van 
Kampen diagram on a surface S, of genus g, with t boundary components, labelled (with 
appropriate orientation) ci,..., q. This motivates the following dehnition. 

Definition 2.5. Let G he a group and let ci,... ,Ct be elements of G. 

1. The orientable genus o/ (ci,..., Ct), denoted genus^(ci,..., q), is the smallest integer 
k such that there exists a solution to the equation (2.4) overG. 

2. The non-orientable genus o/ (ci,..., q), denoted genus^(ci,..., q), is the smallest 
element k G Z[|] such that there exists a solution to the equation (2.4) over G. 

In all cases, if there is no k satisfying the given conditions then the corresponding genus is 
defined to be infinite. 

When no ambiguity arises, or we wish to make statements covering both ori¬ 
entable and non-orientable genus we use genusc.(ci,..., q) instead of genusg(ci,..., q) 
or genusg(ci,..., q). (2.4) holds, and similarly for genus^. 

2.4 Wicks forms 

Consider a quadratic word U over A and the surface Sf/ obtained as above. The signature 
a and orientability o of letters of U induce a signature and orientability on the graph Tf/: 
namely if A(e) = A G supp(f/) then a{e) = (t{A) and o(e) = —eS, where cr{A) = (£,5). 
The edge e is alternating if o(e) = 1. To obtain a van Kampen diagram over F{A) (as 
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distinct from a van Kampen diagram over H as above) on with boundary label U, 
thicken the 2-cell D to obtain a disk with an interior region Dq labelled U, as in Figure 
2.4. Remove the interior of Dq from leaving a van Kampen diagram, Au, over F{A) 
on a surface of genus g, with one boundary component labelled U. It follows from [7] that 
genus^(_ 4 )(f/) = g. 

Example 2.6. Suppose that we have the quadratic orientable word U = ABCA~^B~^C~^ 
we construct F;/ and Ajj as shown in Figure 2.4. 


A 



This construction may be carried out in the same way starting with a quadratic t- 
tuple of words Bi,... ,Ut. This time let B be the quadratic word B = Bi ■ ■ ■ , Bt, label 
the boundary of D with B, as before, dehne TiUi,...,Ut fo be and the associated graph 
to be Ft/. To construct a van Kampen diagram on a surface with t boundary 
components labelled Bi, ..., Bt take t letters, Xi, ..., Xt, of supp(17i)), and let V = 

X^^BiXi ■ ■ ■ X^^BtXt. As before let Dq be a disk embedded in and not meeting 

Label the boundary of Dq with V and join the ends of corresponding letters of Bt 
on the boundaries of D and Dq with disjoint, properly embedded arcs, labelled 1. Remove 
the interior of Dq and identify edges labelled Xt with each other, respecting orientation. 
(See Example 2.7.) The result is the required van Kampen diagram It follows 

once more, from [24][Sections 2.3 and 2.4], that genus^(_4)(17i,..., Bt) = genus(S[/^^,,,^//J. 
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Example 2.7. Suppose that we have the quadratic orientable pair of words 17i, t/ 2 , where 
Ui = AB, and U 2 = CA-^B-^C-\ Then U = ABCA-^B-^C-^ as in Example 2.6. We 
construct TiUi,U 2 = '^u and = Tf/ as in shown in Figure 2.4. The van Kampen 

diagram ^Ui,U 2 is obtained by identifying the edges around the outside hexagon on the left 
of Figure 2.5, as well as those labelled W on the inside decagon. The result is a van Kampen 



Figure 2.5: Ui = AB, U 2 = CA ^B ^ and is obtained from the right hand 

diagram by identifying edges on the outside boundary according to labels. 


diagram on the torus, with two boundary components, labelled AB and CA ^B 

Let T be any directed, connected graph with signature a. An Eulerian circuit in T is 
a circuit C such that, 

• C traverses every edge of T exactly twice; and 

• for all edges e, if a{e) = {e, 5) then (some cyclic permutation of) the edge sequence 
of C contains the subsequence e^,e^. 

By construction the graph Tf/ of a quadratic word U contains an Eulerian circuit, namely 
the word U, and a similar statement applies to a quadratic tuple of words. 


Let T be any graph with an Eulerian circuit, T say. Write T around the boundary of a 
disk and identify the edges, respecting orientation, to obtain a surface S. Then the Euler 
characteristic x(*S') of S is given by the formula n — e + 1, where v and e are the number 
of vertices and edges, respectively, of T and x(-S') is equal to 2 — 2genus(S'). We dehne 
genus(r), the genus of T, to be equal to genus(S'): that is 

1 — + e / N 

genus(r) =- - -. (2.6) 
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As noted above, from [24], if Ui,...,Ut is a quadratic t-tuple of words over F{A) 
then genus^(_ 4 )(f/i,..., t/i) = geims{Eui,...,Ut)^ so in addition genus^(_ 4 )(t/i,..., t/j) = 
genus(r( 7 i,...,[/J. 

Definition 2.8. A quadratic t-tuple Wi,... ,Wt of words is said to be redundant if there 
are x and y in supp(taj))^^ and disjoint (no overlap) subwords Si and S 2 of the cyclic 
words Wi and Wj, I < i < j < t, such that Si = xy and S 2 = {xy)'^^. Otherwise tCi ,... ,Wt 
is said to be irredundant. 

Definition 2.9 (Wicks Form). Let W be a quadratic word in F{A). Then W is called a 
Wicks form over A if the following conditions hold. 

(i) W is freely cyclically reduced and 

(a) W is irredundant. 

Let iL be a group with presentation (W|S'). A (monoid) homomorphism A from (Al U 
Ai“^)* to F{X), such that A(a“^) =h A(a)“^, is called a labelling function. If H is the free 
group on X and h is an element of H, of genus g, then, as shown in [7], there is a Wicks 
form W = Ai... An over A, and a labelling function fj, such that h is conjugate to 'ip(W) 
and = 'i({Ai) ■ ■ ■'i({An) is reduced as written. Indeed Culler {loc. cit.) uses this 

fact to give a description of all solutions of either equation (2.4) or (2.5), when t = 1 and 
G = F{X). 

If IF is a Wicks form of genus not equal to 1/2 then the graph Vw, associated to IF, 
contains no vertices of degree 1 or 2 (as if it did then either condition (i) or (ii), in the 
dehnition of a Wicks form, would be violated). There is only one Wicks form of genus 1/2, 
namely IF = and it has graph Ty/ consisting of a single vertex and a single edge, lying 
on the projective plane Svk- Consequently, there is a bound on the maximal length of a 
Wicks form of genus n, given explicitly in the following lemma of M. Culler [7]. 

Lemma 2.10 ([7, Theorem 3.1]). Let V be a Wicks form over A such that genusj 7 (_ 4 )(F) = 
m > |. Then the length ofV is at most 12m — 6 . 

Lemma 2.11. Let hi,..., hf be elements of F{X), t > 1. Then genusi|^(hi ,... ,ht) < m 
if and only if there exists a Wicks form V over A, of genus m, and a labelling function ^|J 
such that some product rihirf^ ■ ■ -rthtrf^, with r^ G F{X), is equal in H to fjfV). 

Proof. Suppose that genusj:^(hi,..., h^) = g. Then there exist elements rj G ih, 
j = l,...,t, and either (i) elements ai,bi ^ H, i = l,...,g, such that Y[]=i^jhjrf^ = 

ni=i[oi)^j]; or (ii) elements q G H, such that = 11?=! Let Ai,Bi,Ci G A. 

In case (i), for all integers m > g, V = nr=i[^* , Bi] is a Wicks form, of genus m. Dehne 1 ) 
by fj^Ai) = Oj, '4>{Bi) = 6 j, for i = 1,..., g, and fj^X) = 1, if X G Al, X 7 ^ Aj or Bi, with 
1 ^ < h- Then fjfV) = required. In case (ii), for all integers m > 2g, 

V = niii is ^ Wicks form, of genus m/2. Dehne ^|J by 'f’iCi) = Cj, for i = 1,..., 2g, and 
i/^X) = 1, if X G A, X 7 ^ Ci, with 1 < i <2g. Again i/iV) = Y\^j=i , as required. 
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Conversely, suppose that C is a Wicks form of genus m, that i/j is a labelling function 
and that 115=1 is equal in H to for some rj G H. Without loss of generality, 

we may assume that hj is freely cyclically reduced. As is equal to 

there is a van Kampen diagram Di, over H, on a surface of genus 0, with t + 1 boundary 
components (3i,..., fit, fi, with fij labelled hj and fi, labelled ifiV). Moreover, as in Section 
2.3, there is a van Kampen diagram Ay over F{A), on a surface Sy, of genus m, with 
one boundary component /?', labelled V. Relabelling Ay, using the labelling function if!, 
we may construct a van Kampen diagram over F{X) with boundary label In more 

detail: every non-trivial region R of Ay has boundary label a cyclic word a • 1 • a~^ ■ 1, 
for some a E A. Divide the edge labelled a into |'0(a)| segments and label the resulting 
edge path The region R can now also be divided into 'if’{a) parallel regions, each 

with boundary label x ■ 1 ■ x~^ ■ 1, for some x G supp('^(a)). Repeating over all edges and 
regions results in a van Kampen diagram, over F{X), on Sy, with boundary component 
/S', labelled As this is a diagram over F{X) it is a fortiori a diagram over H. Thus, 

attaching Di to D 2 by gluing the boundary components fi and fi' together, using their 
labels, we obtain a van Kampen diagram over H, on a surface of genus m, with boundary 
label h. Hence genus(hi ,..., ht) < m. □ 

2.5 Extension of a quadratic word over a Hyperbolic group H 

Let U he a non-empty quadratic word of genus k (not necessarily reduced or irredundant) 
over the countably infinite alphabet A and let Tf/ be its associated graph on the surface 
S[/. Then Tf/ has genus k and signature a, and its edges are labelled with letters of U. It is 
notationally convenient to identify a directed edge e oiVu with its label A(A) G (and 
e~^ with A(A)“^) and we shall do so from now on. Thus U itself is an Eulerian circuit of 
Ti/. Let H = (WIR) be a hyperbolic group in which geodesic triangles in Tx{H) are h-thin. 
We now describe a procedure which, when applied to Tf/, results in a new graph called an 
extension of the quadratic word U over H. This will be carried out in three steps, but first 
we need to set up notation. 

Roughly speaking, we define the star of a vertex u of Tf/ to be a sufficiently small 
closed disk, on S[/, containing v. To make this precise, let K be the second barycentric 
subdivision of the cell complex consisting of Tjy and D on Sjy. The star of v is the convex- 
hull of the star of n as a 0-cell of the simplicial complex K (the subcomplex of K consisting 
of all simplices meeting v, together with their faces). As is a surface the star of n is a 
disk and we define the link of v to be the boundary of this disk. Then we may view lk(u) 
as a cycle graph, with vertices the points where it meets edges of Tjy (necessarily incident 
to v) and edges the closures of connected components of \k{v)\E{Tu). Let x be a point of 
intersection of lk(n) and an edge e oiVjj. If n = r(e) (and [x, n] is contained in the star of 
v) then we denote the vertex x of lk(u) by e and if u = t(e) we denote x by e~^. (When 
e is a loop then both e and e~^ are vertices of lk(f).) Thus the union, over all vertices v 
of T;/, of the graphs lk(f) is isomorphic to the star graph of the word U (the graph with 
vertices for all A G supp(t/), and an edge joining to for each subword A^B^ 
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of the cyclic word U). 

Suppose that a vertex u of F^/ has degree d. Fix an orientation of v and renumber 
the edges incident to v (temporarily, for the current purposes) so that the link of n, read 
according to the chosen orientation, has vertex sequence ..., Then, for all i, 

the cyclic word U contains the subword ef or 

Definition 2.12. Let v be a vertex ofTu, with a chosen orientation, and assume that 
the link of v has vertex sequence ..., e^/. Define the incidence sequence of v to be 

Oi{v),.. .,Od{v), where 

^ , If if U contains 

other.^se 

and 

Oi+i{v) = Oi{v)o{ei+i), 

for i = 2,.. .d (see Definition 2.4). 

When the vertex v is hxed we write Og instead of Og{v). Thus U contains {efi 
ioT i = 1,... ,d. It follows that v is incident to an even number of non-alternating edges. 
Hence, once the orientation of v has been hxed and the hrst edge ei chosen, the incidence 
sequence is both well-dehned and uniquely determined. (Note that, in the case U is ori- 
entable, o(ej) = 1, for all i, so Oi = ■ ■ ■ = and the orientation of v may be chosen so 
that Oj = 1, for all i.) 

To keep track of the orientation of letters we dehne book-keeping functions: p and z/, 
from {±1} to {1,2}, and I and r, from {±1}^ to {±1}, as follows. 

p(i) = i, M-i) = 2 

z.(l) = 2, = l 

l{x,y) = o{xy), r{x,y) = y.{xy). 

Definition 2.13. Assume v has link with vertex sequence ..., e(f, as in the previous 

definition. Define fig = fig{v), Vg = Vg{v), Ig = lg{v) and Vg = rg{v) as follows, for 
q=l,...,d. 

(i) If o{eg) = 1 then 

fig = fi{eg), lOg = u(eg), Ig = I {O g, Eg) Onl Vg = V {O g, Eg). 

(a) Assume that o{eg) = —1 and cr{eg) = {e,e). In this case Og-i = —Og. 

(a) If the first occurrence in U of the letter is the one occurring in the subword 

eg^‘')~^’^ then lg = l and Vg = 2. 

(b) Otherwise the first occurrence in U of the letter Cg is the one occurring in the 

subword and Ig = 2, rg = 1. 
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(c) If Oq = 1 then fig = Vg and I'q = Iq. 

(d) Otherwise fig = Ig and Hg = Vg. 

(If d = 1 then Ci is necessarily alternating; o(ei) = —1, and Oi is 1 if and only if the 
chosen orientation is that induced by reading U. In this case li = fi{Oi), ri = 
with fix and ui as in (ii)c and (ii)d above). 

Example 2.14. Let U = ABA so Lf/ is a graph with one vertex and two edges, 
labelled A and B, on the Klein bottle. We have o'{A) = (1, —1), a{B) = (1,1), o{A) = 1 
and o{B) = —1. The star of the vertex v intersects T^/ as shown in Figure 2.6(a). Orienting 
anti-clockwise, v has vertex sequence A~^, B~^, A, B. The following table shows the values 



of the functions of Dehnition 2.13 in this case. 


Q 

1 

2 

3 

4 

eg 

A 

B 

A 

B 


-1 

-1 

1 

1 

o{eq) 

1 

-1 

1 

-1 

0, 

1 

-1 

-1 

1 

Uq 

2 

2 

1 

2 

Vq 

1 

1 

2 

1 

h 

1 

2 

1 

1 

Tq 

2 

1 

2 

2 


For non-orientable words, in order to construct an extension of U we hrst £x a particular 
representative U of [U]. For each vertex of Ff/ we also hx an orientation and initial incident 
edge, so that the incidence sequence is dehned, for all vertices. 

Step 1. Let e be a directed edge in F[/ with u = i(e) and v = r(e) (note that u may be 
the same vertex as v). In this step we replace e by two new edges ei and 62 , where ei, 
62 are in (.4,\ supp(t/)), such that t(ei) = 1 ( 02 ) = u and r(ei) = r(e 2 ) = v; as follows. 
As in Section 2.3, consider a disk A with boundary divided into \U\ consecutive, directed 
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intervals, /i,...,/n/|, labelled with elements of supp(17), such that, read in a clockwise 
direction, from the point Ji fl I\u\, the boundary label of A is U. Let ai,...,a|; 7 | be 
properly embedded directed arcs in A, such that i{ai) = i{Ii) and r(ai) = r(/i); and the 
interiors of a, and aj are disjoint, for i ^ j. There are precisely two indices i,j such that 
li and Jj, read with their given directions, are labelled e. Assume hrst that o(e) = 1. In 
this case one of A, Ij is oriented clockwise and the other anti-clockwise. If A is directed 
clockwise then the directed arc a* is labelled Ci and aj is labelled 62 - Otherwise ai is labelled 
62 and ttj labelled Ci. (See Figure 2.7(a).) Now suppose that o(e) = —1. If i < j then a* 




Figure 2.7 

is labelled with ei. Otherwise Oj is labelled 62 . (See Figure 2.7(b).) We do this for every 
edge in F[/ and form a new graph F'^^ on by deleting the edges of F;/. We denote by U' 
the word obtained by reading the label of a* instead of that of A, when reading round the 
boundary of A, and note that U' is a circuit in F'j;. For this circuit we have the following 
lemma. 

Lemma 2.15. Let v be a vertex ofTu with link which has vertex sequence ..., and 
incidence sequence Oi,... ,Od. Then v is a vertex ofT'jj of degree 2d, the link of v in Vjj 
has vertex sequence el\_^, • • • > cyclic word) U' contains the subwords 

i^QXq^q+ul+i)^'^! 1 < ? < d. (See Figure 2.8(a) and (b).) 

Proof. This follows from the dehnition and the fact that U contains {e\^. □ 

Example 2.16. Applying Step 1 to the word U of example 2.14 we construct the graph 
shown in Figure 2.6(b); where edges labelled A and B are identihed. Deletion of edges A 
and B then results in a graph F[// with one vertex v, the link of which intersects F^/ as 
shown in Figure 2.6(c). Here U' = AiBiAf^B 2 . 

Step 2. In this step we replace vertices of T'jj by cycle graphs, as follows. For each vertex 
u of F^ choose a subset A,, of A such that 

• |A| = degr^(u). 
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• Au n = 0, if M 7 ^ u, and 

• Ay n (supp(f/) U supp(f/')) = 0. 

For each v, choose a cyclic word Cy = Ci - ■ ■ Cd, where d = degp^(n) and Ay = {ci,..., q}. 
We shall regard Cy either as a cyclic word or as a directed, labelled, cycle graph, with 
edges Cj, as expedient. Now let n be a vertex of Ft; of degree d, with link which has vertex 
sequence ..., e^/ and incidence sequence Oi,, Od. Then the link of v in F^ has 
vertex sequence ..., assume that the cycle C.,; is ci • • • Cd, with 

vertices t(cj) = Vi and r(cj) = Uj+i, subscripts modulo d. Remove the vertex v from F^ 
and replace it with Cy] according to the following scheme. If d > 2 then 



Vl 

Vq, for g = 2,..., d. 


and 


See Figure 2.8. If n is a vertex of Ff/ of degree one, then the edge incident to v must be 
alternating and U must contain the subword e = ±1. In this case add a loop with 

the label ci to v, as in Figure 2.9. On the surface we require that this loop lies in the 
disk which is bounded by ei and 62 and which meets no other edge of F^, as illustrated. 
In all cases we say that v has been extended by Cy. After each vertex has been extended 
we obtain a new graph which we shall call F'^. We can still read the closed path U' in 
this graph. In fact it is now a Hamiltonian cycle. We shall call U' the Hamiltonian cycle 
associated with U. 

Step 3. In this step we choose a labelling function for the new graph, which allows us 
(eventually) to regard it as a van Kampen diagram over H. Consider a directed edge e 
of the original graph F^/. In Step 1 this was replaced by a pair of edges ( 61 , 62 ). Then in 
Step 2 we extended the end points of these edges to a subgraph of F'^ of the form shown 
in Figure 2.10, where x and y are letters occurring in Cqe) and Cr{e), respectively. Let 
: {A U ^“^)* F{X) he a. labelling function such that 

(a) 'ijj{a) is Ff-minimal, for all a ^ A, 

(b) '0(ci) =H for all pairs of directed edges ( 61 , 62 ) corresponding to an 

edge 6 of F;/, with x and y as in Figure 2.10, and 

(c) ii U' = ai-'-Qy is the Hamiltonian cycle associated to 17, where a* G then 

- 0 ( 01 ) • • ■'ipi.ar) is freely cyclically reduced (as written). 

Then the resulting pair (F|(r,'b) is called an extension of U over the group H. 

2.6 Genus and length of an extension of U over H 

Suppose that we have an extension (F'^,'0) of a non-empty quadratic word U of genus k. 
We dehne the length of the extension to be the sum of the lengths, in F{X), of the labels of 
the cyclic words added in Step 2 of the extension. That is, if ui, ^ 2 , • • •, Vm are the vertices 
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Figure 2.8: o(ei) = 1, 0 ( 02 ) = o{ed) = -1, Oi = 1 



Figure 2.9 
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Figure 2.10 


of Fj/, and these are extended by cyclic words Ci, 02 , • • •, Cm respectively, then the length 
of the extension is 

m 

Definition 2.17. Let (F'^,-^) be an extension of U over H, let he a subset of 

the vertices of Vu such that Vi is extended by a cyclic word Ci and let Wi = ifiCi), for 
z = 1,...,f. Then we say that (F'^, fj) is a genus g joint extension on (ui, ... ,Vt) by words 
if 

('i') 9 = genusj|^(t(;i,..., Wt) +t — 1 and 
(a) ift = l and Vi has degree 1 or 2 then either 

(a) g>\ or 

(b) U = for some A ^ A. 

If genusI,... ,Wt) = g — t + 1, in (i) above, then we say that (F'^,'0) is an orientable 
extension on (ui, ... ,Vt) and otherwise that it is non-orientable on (ui, ... ,Vt). 

(Note that condition (ii) implies that if U ^ A^"^ and g = 0, which means that t must 
be 1, then vi has degree at least 3.) 

Definition 2.18. Partition the vertices ofVu into p sets Vi,..., Vp. If 

(i) {V'Ij, fj) is a genus gi joint extension on the vertices in the set Vi, for all i = 1,... ,p, 
and 

Y7i=i9i = 9, 

then is called a genus g extension of U over H. If U is orientable and is 

orientable on Vi, for 1 < i < p, then this extension is called orientable. Otherwise it is 
said to he non-orientable. 
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Example 2.19. (A genus 3 extension) 

Consider the quadratic orientable word U = ABCC~^B~^A~^ of genus 0. Let Mi,M 2 ,ni,n 2 
be the vertices of the associated graph Lf/, as shown in Figure 2.11. We construct a genus 
2 joint extension on the vertices ui and M 2 , by words wi and W 2 respectively, and a genus 1 
joint extension on the vertices uiand ^ 2 , by words zi and Z 2 respectively (see Figure 2.11). 
Here all words in the generators of H which are mentioned are assumed to be ih-minimal, 

ABC 

Ml ^ *U2 ^ ^ 1)2 

T 



Figure 2.11 


W 2 = W 21 W 22 and Zi = . 211 ^ 12 - The labelling function -0 is such that "^(ci) = tCi, '^(^ 2 ) = -^ 2 , 

V’(cij) = Wij, ijidij) = Zij, 


V’(Ai) =H 10121:^2)1022, 

2Ij{Bi) =h W2l2p{B2)Zi2, 
i^iCi) =H Zii2l){C2)z2, 

2 l:{Ai) 2 p{Bi) 2 j:{Ci) 2 l){C 2 ^) 2 p{B 2 ^) 2 p{A 2 ^) is freely cyclically reduced, W 1 W 2 is a commutator 
in H and Z 1 Z 2 = 1 in FT. 

Lemma 2.20. Let he a genus g extension of the guadratic word U of genus 

k and let U' he the Hamiltonian cycle associated to U. Let hi,...,hs he elements of 
H such that for some rj G H. If (F'^,-^) is orientahle, then 

genus^(/ii,..., hs) < g + k and otherwise genusjj-(hi,..., hg) < g + k. 

Proof. The graphs Ff/ and V'lj are embedded on a closed surface S{/, by construction. As 
is constructed by identifying segments of the boundary of the disk H, the Hamiltonian 
circuit U', associated to U, labels a closed path in F((r which bounds an open disk embedded 
in Htj and not meeting F^/. Remove this disk from S(/, to leave a closed surface S^/o, with 
one boundary competent Pq. Then T^u,o is fhe convex-hull of the 2-complex, which has 
1-skeleton Tun and 2-cells the closures of components of S[/o\r; 7 '') and moreover (Iq is 
labelled 2jj{U'). As 11^=1 'f’iU') there exists a van Kampen diagram A//, over 

H, on surface of genus 0, with s -|- 1 boundary components Pi,..., (Is, with Pj labelled 
hj and P labelled pi^U'). Identifying P' with Pq, along pifU'), results in a surface with 
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s boundary components {3i, ..., (3s, labelled with the h/s. Indeed we may regard as 
obtained from by removing the interior of s disks. Moreover is embedded in 
and does not meet (3. 

Now assume the vertices of F;/ were vi,... ,Vt and assume that Vi has been extended by 
the cycle graph Ci. For each i, the cycle Ci bounds a disk Di in the interior of which 
does not meet F'^. For all i, remove the interior of from to leave a surface with 
t + s boundary components labelled hi,... ,hs and '0(C'i),...,From the conditions 
imposed on the labelling function ^|J it follows that the labelled graph F'^, together with 
the diagram Ah, form a van Kampen diagram over H, on the surface 

Now suppose that the vertices of Fjy are partitioned into sets Vi, Vp'm. such a way that 
(F'^, -0) forms a genus Qi joint extension on Vi, with Y7i=i 9i — 9- Let Wi = '4>{Ci), for all i. 
Then, if Vi = {vi^i..., Vi^a}, by definition we have genus^(tCi^i..., = gi—ti + 1. Hence, 

there exists a van Kampen diagram, over H, on a compact surface Tj of genus Qi — ti + 1, 
with ti boundary components labelled Wi^i... ,Wi^ti- Attach the boundary component of 
Ti labelled Wij to the boundary component of Sjjr labelled Wij, for j = 1,... ,ti. In this 
way we attach a handle, or cross-cap, of genus t* — 1 -|- genus(Tj) = gi to Repeat the 
process for all sets Vi of the partition of the vertices of F^/. As Sf/ has genus k, so does 
so the result is a surface S of genus k + 9i = ^ 3- g. We have now constructed 
a van Kampen diagram, over H, on S, with s boundary components, labelled hi,... ,hs. 
Hence genus(hi ,... ,hs) < g + k. □ 

Example 2.21. In Example 2.19 we constructed a genus 3 extension consisting of a joint 
genus 2 extension by words wi, W 2 , and a joint genus 1 extension by zi and Z 2 . To construct 
the corresponding van Kampen diagram on a surface of genus 3 first embed the graph F" in 
the disk, with boundary labelled AiBiCiC^^. Then remove the interior of the disks 
labelled Ci, C 21 C 22 , dudu and ^ 2 - Finally, attach a torus with two boundary components, 
labelled Ci and C 21 C 22 and a sphere with two boundary components labelled ^2 and dudu, 
in the obvious way: see Figure 2.12. 

2.7 The main theorems 

We are now in a position to state the main results of this paper, which give a method of 
constructing forms for elements of (orientable or non-orientable) genus n in H. 

Definition 2.22. Let H he a 6-hyperbolic group, with respect to the generating set X. For 
an integer k > 0, let Bnik) he the set of elements of H represented hy words of length 
at most k in F{X). Define M = \Bh{ 35)\: and, for a positive element n G Z[|], define 
K{n) = 12?t, — Q,n>l, K{l/2) = 2, K{0) = 0 and l{n) = 5{\og2{K{n)) + 1). 

Assume that h ^ H, that the orientable genus of h is genus^(h) = g, that U is an 
orientable Wicks form, over A, of genus g, and that 0 is a labelling function such that 
0(17) is conjugate to h. Then 0(17) has orientable genus g in F{X). (It cannot have 
orientable genus less than g, otherwise h would, as well.) It follows, from [7], that there 
exists an orientable Wicks form W of genus g over A, and a labelling function 0 such 
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Figure 2.12: A van Kampen diagram constructed from an extension of U 


24 




















that 'ipiW) is conjugate, in F{X), to 0(?7), and the cyclic word obtained by substituting 
'ipiX) for X, for all X G supp(iy), is reduced as written, as a word in F{X). That is 
'ip{W) is freely cyclically reduced and |'0(hT)| = 2 X]xGsupp(w) IV'(^)I- such a labelling 
function cancellation free on W. The same holds for the non-orientable genus: replacing 
“orientable” by “non-orientable” in the paragraph above. 

Let hh be a Wicks form and let D be a proper subset of supp(hT). The word U 
obtained from W by setting all elements of D equal to 1 is called a specialisation of W. 
For example, up to permutation of letters in the support, the Wicks form ABCA~^B~^C~^ 
has specialisations AA~^, ABA~^B~^ and ABCA~^B~^C~^. 

Theorem 2.23. Let h he a word in X VJ X~^, let n be a positive integer and let I = l{n). 
Then genus^(h) = n if and only if n is the minimal integer such that the following holds. 
There exist words F,Re F{X) such that h =h RFR~^ , and an orientable Wicks form W 
over A, of genus n, satisfying either 1 or 2 below. 

1. F = 0(W), where 6 is a cancellation free labelling on W, \9{E)\ < 12/-I-M-I-4, for all 
E G supp(kF) (so |F| < (12n—6)(12/-|-M-|-4) ) and |i?| < |h|/2-|-6/-|-3M/2-|-25-|-7/2. 

2. F is H-minimal and F =h where U' is the Hamiltonian cycle of an ori¬ 

entable, genus g extension (r'^,'0), of length at most 2(12n — 6)(12/ -\- M -\- 4), of 
some specialisation U of W, of genus k over A, where n = g + k. In this case 
|i?| < \h\/2 + 25. 

Theorem 2.24. Let h be a word in X U X~^, let n G n > 0 and let I = l{n). 

Then genusjj-(/i) = n if and only if n is the minimal positive element of Z[|] such that 
the following hold. There exist words F,Re F{X) such that h =h RFR~^, and a non- 
orientable Wicks form W over A, of genus n, satisfying either 1 or 2 below. 

1. F = 9(W), where 9 is a cancellation free labelling on W, \9{E)\ < 121 -\- M -\- 4, for 
all E G supp(hF); so |F| < K{n){12l + M + 4). In this case |i?| < |h|/2 + Ql + 
3M/2 + 25 + 7/2. 

2. F is H-minimal and F =h fjiU'), where U' is the Hamiltonian cycle of a non- 
orientable, genus g extension (T'/r,';/); of length at most 2K{n){12l + M + 4), of 
some specialisation U of W of genus k over A, where n = g + k. In this case 
|i?| < \h\/2 + 25. 

The proof of these two theorems is the content of Section 4. 


3 Applications 

3.1 Forms for Commutators 

We use Theorem 2.23 to obtain a full list of all possible forms for commutators in 77 = 
{XIS*). Since in this case n = 1, it follows that I = 5(log2(6) + 1). 
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Proposition 3.1. An element h G H is a commutator if and only if there are words 
R and F in F{X), such that h =h RFR~^, where F takes one of the following forms, 
|-R| < 1^1/2 + 6/ + 3M/2 + 26 + 7/2 in case 1, and |i?| < \h\/2 + 26 in cases 2, 3 and f. 

1. F = XYZX-^Y-^Z-\ for X,Y,Z e F{X) with |X|, |F|, |Z| < 12/ + M + 4. 

2. F = AiAf^ with Ai =h if^A 2 i 2 , where |.^i| + |.^2| < 12(12/ + M + 4) and is 
conjugate to ^2 in H. 

3. F = A 1 B 1 A 2 ^B 2 ^ with Ai =H Bi =h ^4-82^2; where |^i| + |^2| + l^sl + |^4| < 

12(12/ + M + 4) and ^i^2^3C^4 —h 1- 

4 . F = AiBiCiA 2 ^B 2 ^C 2 ^ with Ai =h iiA 2 pi, Bi =h p2B2^2 and Ci =h ^ 3 C 2 P 3 , 
where |6l + | 6 | + | 6 | + |pi| + IP2I + IP3I < 12(12/+ M + 4) and f if 2^3 =h P1P2P3 =h 1- 

Proof. By Theorem 2.23, h is conjugate to a word F which either has form 1 above or is 
/7-minimal and obtained by an orientable, genus g extension, of length at most 12(12/ + 
M + 4), of some specialisation U of the Wicks form ABCA~^B~^C~^, of genus k, where 
g + k = 1. The bounds on |i?| also follow directly from the theorem. There are only three 
specialisations which can have a suitable extension. 

(i) If /c = 0 and g = 1, take a quadratic orientable word U = AA~^, of length 2 and 
genus 0, with a joint genus 1 extension constructed on the two vertices of T;/. 

(ii) \i k = 1 and g = t) there are two possibilities. 

(a) The orientable word U = ABA~^B~^ of genus 1 with a genus 0 extension 
constructed on the only vertex of Tf/. 

(b) The orientable word U = ABCA~^B~^C~^ of genus 1 with a genus 0 extension 
constructed on both of the vertices of Tf/. 


(i) We extend the graph T;/ as shown in Figure 3.1. 


By Theorem 2.23, F takes the form of 


A 

X 


Figure 3.1 


^1 



A2 


the Hamiltonian cycle A 1 A 2 ^ in the extended graph and from the nature of the extension 
constructed on [/, it is clear that we have form 2. 

(ii)(a) We extend the graph Tu as shown in Figure 3.2. By Theorem 2.23, F takes the 
form of the Hamiltonian cycle AiBiAf^Bf^ in the extended graph and from the nature of 
the extension constructed on U, it is clear that we have form 3. 
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Figure 3.2 




Figure 3.3 
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(ii)(b) Finally, we extend the graph F^/ as shown in Figure 3.3. Again, by Theorem 2.23, 
F takes the form of the Hamiltonian cycle AiBiCiA ^^in the extended graph and 
from the nature of the extension constructed on U, it is clear that we have form 4. Hence 
h is conjugate to some F which takes one of the required forms. 

□ 


3.2 Forms for Squares 

For a list of squares we use Theorem 2.24. In this case n = 1/2, so / = 35. 

Proposition 3.2. An element h ^ H is a square if and only if there are words R and F 
in F{X), such that h =h RFR~^, where either 

1. F = forX e F{X) with |X| < 12/+M+4 and |i?| < |h|/2+12/+3M/2+25+7/2; 
or 

2. F = A 1 A 2 with Ai =H iA 2 i, where |.^| < 5/ + M + 4 and |i?| < |h|/2 + 25. 

Proof. By Theorem 2.24, h is conjugate to a word F which either has form 1 above or 
is obtained by a non-orientable, genus g extension, of length at most 4(12/ + M + 4), of 
some specialisation of the Wicks form A^, of genus fc, where g + k = 1/2. There is one 
possible specialisation which can have a suitable extension, namely the word U = A^, of 
genus k = 1/2. Therefore we have a genus 0 extension over the unique vertex v of F[/. We 
extend the graph F[/ as shown in Figure 3.4. Following through the proof of Proposition 



Figure 3.4 


4.15, we see that the length of this extension is at most 2(5/ + M + 4), since in this case 
V is an internal vertex and the words 5i(A) = 02 (A) = 1, while ai(A) = h2{A) has length 
at most 5/ + M + 4. Also, as the extension is of genus 0 we have ^ = ^2 =h ^^cl 
.^A 2 .^A 7 ^ =h 1, as required. □ 

3.3 Solutions of quadratic equations in hyperbolic groups 

In this section we extend Theorems 2.23 and 2.24 to apply to quadratic tuples of elements 
of F[. That is we show that, if genusj:^(ci,..., q) < g then there exist conjugators ri, 
linearly bounded in terms of the sum of lengths of the Cj, such that n!=i 





the forms given in Theorem 2.23 or 2.24, as appropriate. In the process we give bounds 
on the lengths of images of variables in (minimal) solutions of quadratic equations over 
hyperbolic groups. These are similar to those found over free groups by Kharlampovich 
and Vdovina [20] and by Lysenok and Myasnikov [21]. For a torsion-free hyperbolic group 
H, Kharlampovich, Mohajeri, Taam and Vdovina [19] founds such bounds which are in 
somewhat different from those we give below. In fact they compute a number N, dependent 
only H, such that if a quadratic equation Q is solvable in H then there is a solution in 
which the variables are replaced by words of length at most NL'^, where L is the length of 
the the equation Q, as a word in the generators of H and the variables of Q, and d = 3, 
if Q is orientable, and 4 otherwise. In contrast the bounds given belown depend on the 
genus of the equation, but are linear (and torsion is not excluded). As usual, suppose that 
H is (5-hyperbolic with respect to the presentation (VIF). First we use a result from [24] 
to bound the length of solutions of quadratic equations over H. 


Theorem 3.3 (c/. [19][Theorem 1], [21][Theorem 1.1]). Let H he a 6-hyperbolic group, 
with respect to the presentation (VIS'), let g G Z[i] and let ci,..., q be elements of F{X). 
Then there exist constants A and B, dependent only on 6, |V|, g and t such that the 
following hold. 

1. //genus+(ci,... ,Ct)H < 9 then there exists a solution (f to equation (2.4) such that 

t 

\(l){vi)\,\4){xi)\,\4){yi)\ < A^|cj| +B, 

i=i 


i 1 ,...,^, I l,...,f. 

2. //genus”(ci,..., Ct)H < 9 then there exists a solution cf) to equation (2.5) such that 


\(j){vi)\,\(f{zi)\ < A'^\cj\+ B, 
1=1 


i = l,...,2g, I = l,...,t. 

Proof. First note that we may assume that R contains elements of length at most 85 (see 
for example [1]). Let Ci,..., q be orientable and let Vj = Yi = (fiiji) and V) = (fivi) 

be a solution to the equation (2.4). As in Section 2.3 there is a van Kampen diagram /C 
on a surface S of genus g, with boundary components labelled q, obtained from a disk 
with boundary labelled HLi assume that the number of regions 

of /C is minimal, among all such van Kampen diagrams. From [24] [Lemma 11] we may 
cut /C along edges of 2-cells to obtain a van Kampen diagram on the disk; in such a way 
that the boundary label of the disk has length at most Yl]=i \^j\ + some constant 

C dependent only on 5, |V|, g and t. As H is hyperbolic it has a linear Dehn function 
f{n) = Dn + E, for some constants D and E, dependent only on 5, so the van Kampen 
diagram on the disk has at most T*(X]j=i \cj\ + C) + E = D Yl]=i \^j\ + regions. By 
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construction the same is true of /C. Each of Xj, Yi and VJ on /C corresponds to a simple 
path on /C, formed from a union of boundary components of 2 -cells. As the 2 -cells of /C 
have boundaries of length at most 85, we may assume that each of Id, X* and Yi has length 
bounded by A6{D ^ ^j=i I'^il ^ ^ 4:D6, B = AE'5. This proves 

1 and 2 follows similarly. □ 

A system of equations is a set of equations {wi = l)iei, where I is an indexing set, and 
a solution to this system of equations over H is an if-map 0 : F{X) * F{A) —?■ H such 
that (i){wi) =H 1, for all z G /. 

Corollary 3.4 (c/. [20][Theorem 2]). Let w = wi,...,wt be a quadratic tuple of words 
over A of genus g G Z[i] and let Ci,..., q be elements of F{X) such that the system of 
equations {wiCi = 1)^=1 has solution in H. Let d = X]!=i \^i\- Then there exist constants A 
and B, dependent only on 5, \X\, g and t, such that the following hold. 

1. If w is orientable then there exists a solution cf to the equation (2.4) over H such 

that 10(a) I < Ad + B, for all a G {xi,yi \ < i < g} A {vi\l < i <t]. 

2. If w is non-orientable then there exists a solution 0 to the equation (2.5) over H 
such that 10(a) I < Ad -\- B, for all a ^ {zi\l < i < 2g} U {uj 11 < i < f}. 

Proof. Let 0 be a solution to (tCjCj = 1)^=1. For each i label the boundary of a disk Di with 
WiVf^CiVi, where Vi E A, Vi ^ supp(t(;j), for all j, and Vi ^ Uj, i ^ j. Setting fj{vi) = 1, for 
all i, the system of equations {wiVf^CiVi = l)(=i also has solution 0. Let D be the disjoint 
union of these disks. The quotient of D obtained by identifying directed edges, according 
to their label in A, is a surface S (not necessarily connected) with t boundary components. 
Collapsing the arcs labelled vf^CiVi, on the boundary of each to a point collapses all 
boundary components of S to a point and, as noted above Dehnition 2.8, as w has genus 
g^ the surface obtained from S, by this collapse, has genus g. Therefore S also has genus 
g. If w is orientable then so is S and, read with an appropriate orientation of S, the the 
boundary labels of S are ci, ..., q (see Section 2.3). If w is non-orientable, then with an 
appropriate choice of orientation of each boundary component, the boundary labels of S 
are again Ci,..., q. 

Now relabel each directed edge on by applying 0: that is an edge labelled a G .4, is 
relabelled 0(a). This results in a disk with boundary label 'ip{wi)ci =h 1, for each i. Hence 
there is a van Kampen diagram over H on each disk D^. Thus there is also a van Kampen 
diagram on S. Therefore there is a corresponding solution 0 to the equation (2.4) in the 
case where w is orientable and to (2.5) otherwise. That is genus^(ci,..., q) < g and the 
result follows from Theorem 3.3. □ 

Theorem 3.5. With the hypotheses of Theorem 3.3, there exist constants A' and B', 
dependent only on S, |X|, g and t such that the following hold. //genus^(ci,..., Ct)H = 9 
there exist F,ri,... ,rt E F{X) such that 

t t 

rf^CiVi = F and 0*1 < A' ^ |c0 -h B', 

i=l j=l 
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for i = 1,... ,t, where 

1. z/genus'''(ci,... ,Ct)H = 9 then F satisfies 1 or 2 of Theorem 2.23 and 

2. z/genus“(ci,..., q)h = g then F satisfies 1 or 2 of Theorem 2.24- 

Proof. Let ci,..., q be orientable and let ^ be a solution to equation (2.4). From Theorem 
3.3, there exist constants A and B such that 10(a)| < \^i\ + variables a 

in the equation. Then h = Y^i=iV~^CiVi has orientable genus g, where V) = 0(^0, and 
\h\ is bounded by {2tA + 1) X]!=i + ‘^tB. From Theorem 2.23 there exist R,Fe F{X) 

such that h = RFR~^ and F and R satisfy 1 or 2 of the theorem. Here R is bounded 
by |h|/2 + C", for some constant C dependent only on <5, |X| and g., so we have F = 
n!=i where r* = R~^ViR] and |rj| < \ci\ + B', for constants A' and B' 

dependent only on |^|, (? and t. This proves 1 and 2 follows similarly. □ 

4 Proof of Theorems 2.23 and 2.24 

4.1 Decomposition over short and long edges 

The proofs of Theorems 2.23 and 2.24 involve consideration of a genus n Wicks form W 
over A and a homomorphism 9 from F{A) to F{X) such that 

• 9(W) is conjugate to h in Ff and 

• amongst all such Wicks forms (of the appropriate orientation) and maps, W and 6 
are minimal, in a sense made precise below. 

In outline: we shall hrst establish some preliminary lemmas involving Wicks forms and 
then show that W and 6 either satisfy condition 1 of our theorems, or W can be reduced 
to a quadratic word U, by setting certain letters equal to 1, and from U an extension 
satisfying condition 2 may be constructed. 

We abbreviate notation to allow discussion of both theorems simultaneously. We 
write genusto mean genus^ or genusand “genus” instead of “orientable genus” or 
“non-orientable genus”, whenever possible. We omit “orientable” and “non-orientable” 
when talking of Wicks forms; the context should make it clear which is meant. 


Proof of Theorems 2.23 and 2.24. From Lemmas 2.11 and 2.20 it follows that if the con¬ 
ditions of either Theorem hold then genus^^{h) = n. It remains to prove the converse. In 
the orientable case (Theorem 2.23) we note that, from Lemma 2.11, there exists no genus 
m Wicks form V, m < n, with a labelling function 0 such that 0(H) is conjugate to h in 
H. By hypothesis, the genus of h is equal to n in FT = (X|S'). Therefore, in the case of 
Theorem 2.23, n G Z and there exist words a,, bi G F{X), for i = 1,... ,n, such that 

h =H [ai, 6 i][ 02 , 62 ] ■ • • [an,bn]- 
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The quadratic orientable word U = [Ai, i?i] ■ • • [An, Bn\, over A, is a genus n Wicks form. 
Let 0 : F{A) —?■ F{X) be the labelling function dehned by 0(Aj) = a, and (l){Bj) = bj, for 
all i, j = 1,... ,n, and (p{X) = 1, otherwise. Then 4>{U) = h. Moreover, 4>{U) has genus n 
in F{X). In this (orientable) case let F = F{h) be the set of pairs where U is an 

orientable genus n Wicks form and 0 is a labelling function such that 0(f/) is conjugate to 
h in H. 

In the non-orientable case, Theorem 2.24, n G Z[l/2] and there exist words c* G F{X), 
for i = 1 ,..., 2n, such that 

h —H • • • C2n- 

The non-orientable quadratic word U = Cf ■ ■ -C^n, over A, is a genus n Wicks form. In 
this case let 0 : F{A) F{X) be the labelling function given by 0(C'j) = Cj, f = 1,..., 2 n, 
and 4>{X) = 1, otherwise. Then 0(17) = h and 0(17) has genus n in F{X). In this (non- 
orientable) case, let F = F{h) be the set of pairs (17, 0) where 17 is a non-orientable genus 
n Wicks form and 0 is a labelling function such that 0(17) is conjugate to h in H. 

In both orientable and non-orientable cases, we call a pair (W, 6 ) & F minimal if 16^(11^) | 
is minimal amongst all pairs in F. Since we have shown that, in both cases, there is at 
least one pair in F there is always a minimal pair. As above, from [7], if (17, 0) is a minimal 
pair then we may choose a cancellation free pair (IT,0) such that 0(kT) is conjugate to 
0(17) in F{X). Then (W,0) is necessarily minimal. Hence F contains a cancellation free 
minimal pair. Moreover, if (IT, 0) is minimal and cancellation free then, for each element 
E of supp(IT), it follows that 'ip{E) is i7-minimal. 

Now, let (IT, 9) be a minimal cancellation free pair in F. If p is a geodesic path between 
2 vertices of the Cayley graph Vx{H) and p has label a then, by abuse of notation, we 
refer to the path p as a. In particular, for (IT, 6*) G 7^, if IT = Ai • • • An, where Ai G 
then we consider 9(W) = 9{Ai) ■ ■ ■ 9(An) as the concatenation of paths 9(Ai) in the Cayley 
graph rx(B). This path contains a geodesic subpath with label 9(Ai), which we refer to 
as the path 9(Ai). On the other hand there is a geodesic path in FxiB) from 1 to 0(W), 
with label an i7-minimal word F such that F =h 6 {W). We call such a path a geodesic 
for (IT, 6 ) and refer to it as F. 

Now suppose that, for each letter E of the Wicks form IT, we have \d{E)\ < L = 
121 + M + 4. In this case, in the light of Lemma 2.10, condition 1 of the appropriate 
Theorem is satisfied, apart from the bound on the length of R, which is deferred to Section 
4.4. Therefore, from now on, we shall assume that there is at least one letter of IT which 
is labelled by a word of length greater than L in F{X). (This implies that there are two 
since each letter appears twice.) 

For a pair (W,9) G F and A G supp(IT), we say that the occurrences of A and A~^ 
in IT are long edges of {W,6) (or just IT) if \9{A)\ > L, as a word in F{X). All other 
letters of IT are called short edges. For convenience in the proof, we may, without loss of 
generality, assume that the last letter of IT is a long edge. 

We state a number of preliminary lemmas, which we need later. The hrst is a version 
of Lemma 14 of [22], and establishes bounded length properties of subwords of 9{A), where 
A is any letter in supp(IT). Let F^y be the genus n graph associated to IT. 
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Lemma 4.1. Let (W,9) be a minimal cancellation free pair in T, let A e supp(iy), with 
signature cr^A) = (e, 6), and let Ei,..., A^, Er+i ,..., Eg, A^, -Es+i, ■ ■ ■ ,Et be the cyclic 

sequence of letters in the Eulerian circuit W inVw Let 6{A^) = aia 2 and 9{A^) = a'ia' 2 , 
where ai,a']^,a 2 and a '2 are subwords of the El-minimal words 9{A^) and 9{A^). Similarly, 
let 9{Ei) = 6 , 16 * 2 , for 1 <i <t. Then 

(i) |ai| < \ei29{Ei+i ■ ■■Er)ai\H, forl<i< r; 


(ii) \a 2 \ < \a29{Er+i ■ ■ ■ Ej_i)eji\H, forr + l<j< s; 

(Hi) |ai| < \a29{Er+i ■ ■ -EgA^Eg+i ■ ■ ■ Ek-i)eki\H, for s + 1 < k <t; 


(iv) if 6 = e and |ai| > |a'i| then |a 2 | < \a29{Er+i ■ ■ ■ Es)a[\H and 

(v) if 6 = e and \a 2 \ > \a' 2 \ then |ai| < \a29{Er+i-■ ■ Ea)a'f\H- 

Proof. Without loss of generality we may assume that 6 = 1 so cr{A) = (1,(5). First we 
shall prove statement (ii). As in Section 2.3 consider a disk D with its boundary divided 
into t + 2 segments, labelled by the word W = Ei ■ ■ ■ Ef. Suppose that Ej = X'^, for some 
X ^ A and 7 = ±1. Then there is (unique) i ^ j such that Ei = X^^] say E^ = E^, where 
^ = ±1. Bisect Ej into two new edges, the hrst new edge denoted Eji and the second 
Ej 2 , where Eji,Ej 2 are elements of A"^^ not occurring in W. Also replace the edge Ei by 
the two edge path EiiEi 2 , where En = Eji and Ei 2 = Ej 2 , if .^ = 1, and En = E ~2 and 
Ei 2 = EJ]^, if ^ = -1. That is, En = and Ei 2 = 

Now consider a properly embedded arc in D, with end points l{A) and T{Eji). Direct 
this arc from l{A) to r(F'ji) and label it A'. (See Figure 4.1a.) Cut the disk D along A' to 



Figure 4.1 


give two disks Di and D 2 . Identify the segments of the boundaries of Di and D 2 labelled 
A to form a new disk D' with boundary labelled with the quadratic word 

W' = El ■ ■ ■ ErA'E,2 ■ ■ ■ Eg{Er+i ■ ■ ■ E,iA'-1)-"E,+i ■■■Et, 
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as shown in Figures 4.1b and 4.1c, for the cases 5 = —1 and <5 = 1, respectively. By 
considering links of vertices we see that W is irredundant unless it contains, as a subword, 
two occurrences of either [EsEr+i]^^^ in the case 5 = —1; or , in the case 

5 = 1. If this is the case, say EaEb = E~^iE~^, then we replace the subword EgEr+i 
by a new letter Eu and the subword EaEi, by E~^. All other possibilities are dealt with 
similarly. Thus we may assume that W is an irredundant quadratic word. As the surface 
obtained by identifying edges of H, according to their labels, is the same as the surface 
Tjv/i, the quadratic word W is a genus n Wicks form. Let C = supp(hF') and let E be an 
Lf-minimal word in E{X), such that ti =h a29{Er+i • ■ ■ Ej-i)eji. Dehne a homomorphism 
ijj : E{C) —?■ E{X) in the following way. 




m) = 


\ 


Qilti 

if 

E 

= A' 

Cji 

if 

E 

= Eji 

ej2 

if 

E 

= Ej2 


if 

E 

= Eii 


if 

E 

= Ei2 

9{E) 

otherwise. 




with the obvious adjustments if the word W had to be modihed to make it irredundant. 
Let 


Wo = 0{Ei ■■■Er) = 'ipi^Ei ■■■Er), 

W\ 0{^E^j^\ • • • E'ip{^E^j^\ • • • Ej_iEjijy 

W2 = ej26{Ej+i ■■ - Es) = ilj{Ej2Ej+i ■ ■ ■ Es) and 
ws = 9{Es+i ■■■Et)= ij{Es+i ■■■Et). 

Then, writing Ei for EiiEi2, as before, so 'ip{Ei) = = ej^, we have 

HW) =H ■ ■ ■ ErA'E,2 ■ ■ ■ ■■■Et) 

=H WoaitiW2{wit'{^at^)~^w-i 

and substituting E =h 0,2^1 in this expression gives 

ii{W') =H woaia2WiW2{a2^ai^)~^W3 =h 9 {W). 

This implies that 'ijj{W') is conjugate to h in H. Thus is an element of E. Now 

since | 0 (hF)| was chosen to be minimal over all pairs in E, it follows that 

mw')\ > \ 9 {W)\. (4.1) 

Also, as 9 is cancellation free on W, we have 

|0(hF)| = |rco| + I'W^il + \'^2\ + + 2|ai| -|- 2\a2\ 

— (I'lf^ol + + I'lt’sl + 2|ai| -|- 2|fi|) -|- 2|a2| — 2|fi| 

> |'^(hF^)| -|- 2|a2| — 2|fi|. 
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That is 


(4.2) 


\9(,W)\ > |^(»y')l + 2|a2| -2|(i 

Inequalities (4.1) and (4.2) imply 


\a29{Er+i ■ ■ ■ Ej_i)eji\H — |ti| > |a2|, 


(4.3) 


as required. Hence (ii) holds. 

The same argument, using {W~^, 9) & E and the cyclic permutation of beginning 
with Eg^^ can be used to show that (i) holds. 

Next we consider case (iii). Again we label the disk D with the word W. This time, 
bisect the edge labelled Ek- The hrst half shall be labelled by Eki and the second half 
labelled by Ek 2 , where Eki,Ek 2 are elements of not occurring in W. As before there 
is an edge Ei = E]i, rj = ±1, and we replace Ei with EiiEi 2 , where En = and 

Ei 2 = E^^^^y Cut along an arc A" joining r(A) to r^Eki), and identify the two edges 
labelled A, as in Figure 4.2. As before, if t(A) in Tvk has degree 3, and 5 = —1 then we 


Ek 2 




Ek 2 



Er +1 


Ek-1 

1 Eki 


(a) 


(b) 5 = -1 


A” 

(c) 6 = 1 


Figure 4.2 


also replace both occurrences the subword ErEg+i (or its inverse) with a new edge Eu E A 
(or its inverse). A similar modihcation to the edge path ErE~^ may be necessary when 
(5 = 1. The boundary of the new disk is now labelled by the irredundant quadratic word 

W” = E,--- Er{Es+i • • • EkiA'-^Er+i ■ ■ ■ Es)-^A'Ek2 ■ ■ ■ Et, 

(replacing ErEg+i by Eu if necessary) which is a genus n Wicks form. We shall dehne a 
labelling function for W". Let K, = supp(hF") and let t 2 be an Ff-minimal word in E{X) 
such that 

^2 =H o.29{Er+i ■ ■ ■ Es){aia2)^9{Es^i ■ ■ ■ Ek_i)eki- ( 4 . 4 ) 
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Define a homomorphism 0 : -F(/C) by 




0^42 

a E = A" 




Cfcl 

a E = Eki 




efc2 

a E = e,2 


4>{E) 

= < 


iiE = Ei, ■ 




7] 

^ku{r)) 

iiE = Ei2 




. diE) 

otherwise. 


As before we find that (piW") = 

=H 9{W), 




\m'')\ > 

\9{W)\ 

(4.5) 

and 





\9{W)\ 

> 


— 2021 + 2|ai|. 

(4.6) 


Inequalities (4.5) and (4.6), imply that 

\a20{Er+i ■ ■ ■ E,)a2^a^^9{Es+i ■ ■ ■ Ek-i)eki\H = 1^21 > |ai|, 


as required. Hence (hi) holds. 

For (iv) we modify the arguments above as follows. As we are assuming £ = 1 we have 
5 = 1. First consider the case where i = 1, and follow the proof of case (ii), but take j = s 
and Eji = Eg, Ej 2 = 1. Then 


W' = E,--- ErA'^E;^ • • ■ E;^,Eg+, ■■■Et. 

Let Eq be an element of A which does not belong to supp(hF') and replace W with 

W' = E,--- ErEoA'^E^^E;^ • • • ■ ■ ■ Ef 

The surface obtained from identifying boundary intervals of a disk labelled by Wq is again 
Svi/, (as can be seen by considering the link of the vertex incident to A' . As |ai| > |a^|, we 
have Oi = a'^Os, for some terminal subword 03 of Oi. Define E =h a20{Er+i ■ ■ ■ Es)a[, let 
/C' = /C U {F^o} and define 0 : E{K') —)■ E{X) by 

( aAi ii E = A' 
ii{E) = < a'l ii E = Eo , 

I 9{E) otherwise 


Wo and wo as before and 


wi = 9{Er+i ■■■Eg) = 'ipiEr+i ■■■Eg). 
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Then ti =h a2Wia[ so 


^(W^o) =H Woa[a3tia3tia[ 

=H woaia2Wiaia2Wia[a[~^Wi^W3 
— H WQ(l\Ci2W\CiiCi2W3 

=He{w)- 

As before, W is a genus n Wicks form so | 6 '(fy)| < 10 ( 1 ^ 0 )|. Thus 

|rco| T + I'M^sl +2|ai| +2|a2| = 0[W) < 0(Wg) < |rco| T T T2|a^j^| +2|a3| +2|fi|, 

which implies that |ti| > |a 2 |, so (iv) holds. 

To prove that (v) holds, consider again the word IT", but this time take k = s + 1, 
Eki = 1 and Ek 2 = Es+i- Then 

W" = E3--- ErE:^E;l^ ■ ■ ■ A"^E,+3 ■■■Ef 

Let Eq be an element of A which does not belong to supp(lT") and replace IT" with 

W" = El • • ■ ErE;^ ■ ■ ■ E7+\Eo-'A"2EoE,+i • • • El. 

The surface obtained from identifying boundary intervals of a disk labelled by ITg' is again 
Ely. As \a 2 \ > |a 2 |, we have 02 = 0403 , for some initial subword 04 of 02 , so a\ = 0404 . 
Again, let ti =h a29{Er+i ■ ■ ■ Es)a[, and dehne 

( if E = A" 

</.(E) = <^ a' if E = Eo , 
y 9{E) otherwise 

and ^ 0 ,^ 1,103 as in case (iv). Then 

0 (lTo') =H WoW3^a2~^{a^^tifa2W3 

= wqWi^ a2~^ a2Wia[Y a2W3 

= Woa[a^^ a2Wia[a2W3 

= 9(W). 

Again, ITg' is a genus n Wicks form so |0(1T)| < |0(lTo')|. Thus 

|rco| T Ircil + Ircsl + 2|ai| + 2|a2| = 0(1T) < 0(lTg') < |rco| T Ircil + 11031 T 2 |a 2 | + 2|a4| + 2|fi|, 

and consequently |ti| > |ai|, so (v) holds. □ 

Next we record as corollaries some straightforward consequences of Lemma 4.1. 

Corollary 4.2. Let (IT, 0) be a cancellation free pair in E and let E he a geodesic for 
(IT, 0). Let A be a long edge ofW, with o'{A) = (e,(5). Let a = 9{A^) and o! = 9{A^), let 
X be a vertex of a and k be a positive integer such that k < d{L{a),x) < |a| — k. Then the 
following hold. 
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(i) Let y be a vertex on {9(W) U F) — a such that d{x,y) < k. Then y lies on a' U F 
and if 6 = e then y lies on F. 

(a) If k > I then there exists a vertex y such that y lies on a' U F and d{x,y) < 1. If 
6 = e then y lies on F. 

Proof. Statement (i) follows from Lemma 4.1. For statement (ii) note that by Lemma 
2.3.(1), there exists a vertex y on 9{W) — a such that d{x,y) < 1. As k > I the statement 
now follows from (i). □ 

Corollary 4.3. Let {W,9), F, A, a and a' he as in Corollary f.2. Let xi and X 2 be any 
vertices on a and a', respectively, such that d{xi,X 2 ) < k for some constant k. If x^ is a 
vertex on a' such that d{L{a'),x^) = d{T{a),Xi) then d{x 2 ,x^) < k and d{xi,x^) < 2k. 

Proof. The proof falls into the following two cases. 

(a) d{i{a'),X 2 ) < d{i{a'),xz) = d{T{a),xi). 

(b) d{i{a'),X 2 ) > d{i{a'),x^) = d{T{a),Xi). 

(a) By Lemma 4.1 d{T{a),Xi) < d{xi,i{a')) and, from the hypothesis and the triangle 
inequality, it follows that 

d{T{a),Xi) < d{xi, i{a')) <k + d{i{a'), X 2 )■ (4.7) 

Since a is a geodesic path we have 

d{T{a),Xi) = d{i{a'),xz) = d{i{a'),X 2 ) + d{x 2 , X 3 ). (4.8) 

It follows from equations (4.7) and (4.8) that d{x 2 ,X 3 ) < k. 

(b) By Lemma 4.1, (i(t(a'),X 2 ) < d{x 2 ,T{a)) and, from the hypothesis and the triangle 
inequality, it follows that 

d{L{a'),X2) < d{x2, T{a)) < k + d{T{a),xi). (4.9) 

Since a is a geodesic path we have 

d{T{a),xi) = d{i{a'),X 3 ) = d{i{a'),X 2 ) — d{x 2 ,X 3 ). (4-10) 

It follows from equations (4.9) and (4.10) that d{x 2 ,X 3 ) < k. Hence the lemma holds. □ 

Corollary 4.4. Let {W,9), F, A, a and a' be as in Corollary f.2. Assume in addition 
that o{A) = 1, so cr(H) = (e, —e) and a' = a~^. For i = 1,2, let Ut be vertices of a and Vi 
he vertices of a~^ such that 

• d{T{a),Ui) > d{T{a),U 2 ) and 

• for some constant k, d{ui,Vi) < k, i = 1,2. 
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Let ai be the subpath [ui,U 2 \ of a. (See Figure f.S.) Then |ai| <2k + M + 1. 

Proof. Let Wi be the vertex of a~^ such that d{T{a~^),Wi) = d{L{a),Ui), i = 1,2. Let Sj be 
a geodesic from Ui to Wi, for i = 1,2. From Corollary 4.3, we have |sj| < 2k. The subpath 
[wi,W 2 \ of a~^ is so from Lemma 2.2, we have 

|®i| ^ l'®2|) + M + 1 < 2k + M + 1. 


□ 



F 


Figure 4.3 


We shall use Corollaries 4.2 and 4.4 with Lemma 2.3 to factor F into a product of 
subwords, each of which corresponds to a unique long edge of W. To this end let W = 
El - ■ ■ Em, where Ei = Af, with Ai ^ A and Si G {±1}- Let U be the word obtained from 
W by deleting Ei, whenever Ei is a short edge. Then f/ is a non-trivial quadratic word over 
A, of genus at most n, and length / at most K{n), which we call the long factorisation of 
W (with respect to 9). Write U = Ui - ■ ■ Uf, where Ui G {Ei,..., Em}, and Ui is a long 
edge of W. Then, as W ends with a long edge, we can write W = S 1 U 1 S 2 ■ ■ ■ SfUf, where 
each Si is a subword of W consisting only of short edges (and may be the empty word). 
By the usual abuse of notation, let 9{Ui) and 9{Si) denote subpaths in Tx{H) of the path 
labelled e{W). 

Lemma 4.5. In the above notation, let W = S 1 U 1 S 2 ■ ■ ■ SfUf, where U = Ui ■ ■ ■ Uf is the 
long factorisation of W and each Si is a product of short edges. Then E has a partition 
El,... ,Ef such that 

1. if o{Ui) = —1 then \Ei\ > 8 / + M + 3 and d{T{Ei), T{9{Ui)) < 3/ + 1; 

2. if o{Ui) = 1 then \Ei\ >61 + 2 and, for the unigue j such that Ui = Uj^, we have, 
assuming i < j, that d{T{Ei), T{9{Ui)) < 5/ + M + 3 and d{T{Ei), T{9{Uj)) < 3/ + 1, 

for all i such that 1 < i < f. 
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Proof. Let A G supp(VL) such that A is a long edge and assume that W = WoUiWoUjWi, 
where Ui = and Uj = A^. Let a = 9{A^) and fi = 9{A^). Then |«| = |/9| > 12/ + M + 4 
and factorising as a = aoaia 2 , where |ao| = |tt 2 | = 2 / + 1 we have |ai| > 8 / + M + 2 . 

Now, as above, W = Ei- ■ - Em, where Ei = A^*, with Ai E A and Si G {±1}. Ap¬ 
ply Lemma 2.3 to the word 9{Ei) ■ ■ ■ 9{Em)E~^, with 70 = 9{Ui). This implies there 
is a partition 7 ^),... , 7 h) of a such that, for each j G {1,... ,r}, the interval is a 
(5 [log 2 (m)]-fellow traveller with a geodesic 7 ', which is either an interval of a partition of 
9{Es), for some Eg 7 ^ Ui, or of E~^. As ( 5 [log 2 (m)] < /, it follows that 7 *'-^^ and 7 ' are 
/-fellow travellers. 

Assume that the partition of E~^ given by Lemma 2.3 is E [,..., Ef Suppose hrst that 
o{A) = —1 and ct(A) = (£,£). Then, as |ao| = \a 2 \ = 2/ -|- 1, it follows from Corollary 4.2, 
that is a subinterval of where 1 < d < r and 7 *-^^ is an /-fellow traveller with E^, for 
some c, and that \E^\ > |ai| > 8 / -|- M -|- 3. In this case, a similar argument shows that a 
subinterval 7 ^^ ^ of /3 is an /-fellow traveller with Ef, for some c' < c, with |F^| > 8/-I-M-I-3. 

This leaves the case o{A) = 1 and ct(A) = (e, —e) to consider. In this case, from 
Corollary 4.2, ai is a subinterval of where 7 ^ is an /-fellow traveller with an 

interval E^. of E'~^ and 7 !^+^) is an /-fellow traveller with an interval 7 '*''^^ of the partition 
7 '*-^^ ..., 7 '*'''^ of f3 given by Lemma 2.3. Thus | 7 ^^^| -|- | 7 *'^’''^^| = > |ai| > 

8 / -|- M -|- 3. From Corollary 4.4, | 7 ^^'''^^| < 2/ -|- M -|- 1, so \E'f\ = | 7 ^^^| >6/4-2. Moreover, 
in this case the interval 7 'C+i) is an /-fellow traveller with an interval Ef of the partition 
of E'~^, with c' < c, and again \Ef\ >6/4-2. 

Recalling that a = 9{Ui) and (3 = 9{Uj), in both cases we denote the initial vertex i{Ef) 
of E^ by Vi and the initial vertex L{Ef) of Ef of by Vj. By construction, if o{A) = —1, then 
d{vi, T{9{Ui))) < 3/4-1 and if o{A) = 1, then d{vi, T{9{Ui))) < 3/4-14-2/4-M4-1 = 5/4-M4-2, 
while in both cases d{vj, T{9{Uj))) <3/4-1. 

Dehne Vi and Vj in this way for each long edge A G supp(IF). Setting vq = t{E) results 
in f + 1 points vq, Vi,... ,Vf on E such that d(vo, Vi) > d{vo, Uj+i) and, with = [uj+i, Uj], 
we have a partition Ei,... ,Ef of E, where \Ei\ >6/4-2. □ 

Definition 4.6. With the notation of the paragraph above Lemma 4-5, let W = 
SiUi ■ ■ ■ SfUf, let U = Ui - ■ - Uf be the long factorisation of W, let E = Ei ■■■ Ef be the 
factorisation of E found in Lemma 4-5 and let v{Ui) = r^Ei). Fori = 1,..., /, let a{Ui) be 
the label of a geodesic path from T{9{Ui)) tov{Ui), let s{Ui) = 9{Si) (and let a{Uo) = 1 and 

So = 1) and let a{Ui) = Ei. For later reference let S{Ui) = Si, for all i. Let A G supp(f/). 

(i) If o{A) = 1, let i,j be such that Ui = A and Uj = A“h 

(a) If o{A) = —1 and ^{A) = {e,e), let i,j be such that Ui = Uj = A^, i < j. 


40 


Define 


and ai{A) = 


wi(A) = vm, afiA) = am, h{A) = a{Um. SfiA) = S^, si(A) = siU,) 

a{Ui), ifo{A) = l, 
a{UiY, ifo{A) = -l] 

V 2 {A)=v{Ufi, a 2 {A) = a{Ufi, 62 (A) = ^ 2 (A) = S 2 {A) = s{Uj) 

ifo{A) = l, 


and a 2 (A) = 


a{UjY, ifo{A) = -l. 


(See Figure 4-4-) 

Finally define H-minimal words 


zi(A) = 


H 


f 62 (A) ^S 2 (A)ai(A), ifo{A) = l, 
[a 2 (A)-iai(A), if o{A) =-1, 


and 


^2 (A) — 


H 


61 (A) ^si(A)a 2 (A), ifo{A) = l, 

6 i(A)"^si(A)s 2 (A)"^ 62 (A), if o{A) = - 1 . 




Figure 4.4 
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Example 4.7. Suppose that W = ABC~^A~^B~^C~^ where A and C are long edges and 
-B is a short edge. Then U = AC~^A~^C~^ and we have the paths in Tx{H) shown in 
Figure 4.5. Here |ai(H)|, |a2(H)| and |ai(C)| are at most 5/ + M + 3 and |a2(C)| = 0. (As 
in our standing assumption, the last letter of W is long). In this case Fq = 5*2 = 5*4 = 1, 

e{c) 

e{B) 

e{A) 


viiC) V2iA) V2{C) 

Figure 4.5 



Si = B and Sj, = so bi{A) = 1, b2{A) = ai(C), 5i(C) = ai(A) and b2{C) = a 2 (A), 
Sj(A) = 1, Si(C) = 9 {B) and S 2 {C) = 9 {B)~^. As o{A) = 1 and o{C) = —1, Zi{A) and 
Zi{C) are B-minimal elements of F{X) such that 

zi{A) = (ai(C))"^ai(A), Z2{A) = a2{A), zi{C) = ai{C) and Z2{C) = {ai{A))~^ 9 {Bfa 2 {A). 

We shall need the following lemma in the next subsection. 

Lemma 4 . 8 . Let A be a long edge ofW. Then 

(i) Z2{A)a2{A)zi(A)ai{A)~^ =h 1, if o{A) = 1, and 

(a) Z2{A)a2{AYzi{A)ai{A)~^ =h 1, if o{A) = —1 and cr{A) = 

Proof. By definition, for 1 <i < I the Cayley graph Tx{H) contains a closed path, based 
at n(f/j_i) on F, consisting of the concatenation of paths labelled a(17j), a(17j)“^, 9{Ui)~^, 
and a(17j_i). (See Figure 4.6). Thus, for A G supp(f/) with o{A) = 1, we have 

both 

ai{A)ai{A)~^9{A)~^Si{A)~^bi{A) =h 1 and a2{A)~^a2{A)~^9{A)s2{A)~^b2{A) =h 1. 
Similarly, for A G supp(f/) with o{A) = —1, we have 

ak{Ayak{A)~^9{A)~^Sk{A)~%{A) =h 1, for /c = 1,2. 

The result follows from these two facts and the dehnition of Zi{A). □ 
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a2{A) 


02 (^)’ 


Z2{A) 



zi{A) 


ai{A) 

(a) o{A) = 1, ^ = Ui, = Uj 



01(A)® 


(b) o{A) = -1, a{A) = (e,e) 


Figure 4.6 

4.2 Construction of an extension of U 

Write W around the boundary of a disk (i.e. divide the boundary up into |hF| segments, 
assigning a letter to each) and identify the long edges, respecting orientation. This results 
in a surface S of genus k < n with Q holes. The boundary of the disk becomes a graph 
on this surface, which we denote by r5. Thus T5 consists of short edges, all of which are 
written around the boundary components of S', and long edges, all of which are properly 
embedded on S. 

Let C be the set of cyclic words, over A, labelling the Q boundary components of S. 
Define ~ to be the equivalence relation on C generated by the relation which consists of 
all pairs (t/, V) of words in C such that supp^(_4)(t/) fl suppp.(_4)(ld) 7^ 0. Let i?i ,... ,Bp 
be the equivalence classes of ~. Then each set Bi consists of a tj-fuple of cyclic words 
(hF{,..., hh/J, where Wj is a cycle forming a boundary component of S, and by dehnition 
of Bi, this ti-tuple is quadratic. 

Definition 4.9. The S'-genus of Bi is gi = genusj|^(6>(hFi),..., 0{Wf)) + U — 1, for i = 

l,...,p. 

Lemma 4.10. Let g = J2^=i9i’ '^here gi is the S-genus of Bi, and let genus(S') = k. For 
each equivalence class Bi consisting of a ti-tuple (hF{,..., Wf) we have 

genus^(0(hFi),..., = genus^(_4)(hFi,..., Wf), for i = 1,... ,p. 

It follows that g + k = n. 

Proof. Let hi = genus^(_4)(hFi,..., hF/J + U — 1. Then hi > gi, for all i. Assume that 
hj > gj, for some 1 < j < p. Now, since W has genus n in F{A), if we identify all the 
short edges on the genus k surface S, respecting orientation, we obtain the closed compact 
surface Ty/ of genus n. On the other hand we may construct a surface homeomorphic to 
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Ely as follows. For each Bi there exists a van Kampen diagram Ki, over F{A), on a snrface 
Sj of genus hi — ti + 1, with boundary components, W(,..., Identifying boundary 
components of Ej to the ti boundary components of S, with the same boundary cycles, for 
all i, we obtain a closed surface of genus k + YTi=i [(^* — + 1) + — 1] = k + Y7i=i 

construction this surface is homeomorphic to Eiy. 

Therefore, 

p 

n = k + hi 

i=l 

P 

> k + '^gi. 
i=l 

But this implies that genus= genusj:^(6*(hF)) < k + Y7i=i9i < n, a. contradiction. 
Thus gi = hi, for alH = 1,...,p, and n = k + ^gi = k + g. Hence the lemma holds. □ 

Consider once more the surface S with Q holes with the embedded graph T5 consisting 
of long and short edges. If we paste a disk onto each of the Q boundary components 
and contract the cyclic word of short edges to a point, we obtain a graph, consisting of 
long edges only, on a closed compact surface of genus k = genus(S'). The quadratic word 
associated with this graph is the long factorisation U of W. As usual we denote this graph 
Tf/. We shall construct an extension of U over H. 

As above, let the long factorisation oiW he U = Ui ■ ■ ■ Ui. As in Section 2.5, let U' the 
Hamiltonian cycle associated to U: that is the word obtained from U by replacing each 
occurrence Ui by Un or Ui 2 , as described in Section 2.5. Thus the word U = AC~^A~^C~^ 
in Example 4.7 is replaced by U' = AiCfThe graph obtained from T^/ by 
replacing the directed edge Ui with edges Un and Ui 2 is called T'^, as before. Now define a 
labelling function -0 on the set {Ai, A 2 : A e supp(17)}, and by extension on the free group 
these letters generate, by 


V'(Ai) = Q!i(A) and ^^(^2) = a!2 (A). 

By definition of ai and Q!2 we have then 

F = ij{U'). (4.11) 

For instance, in Example 4.7 we have ip{U') = 0177^0^^7^^ = F. 

Let n* be the vertex of F[/ obtained by collapsing the boundary component hF- of S to 
a point. Let B[ = • • • Wti}- We shall construct a genus gi extension of F;/ on B[, for 

appropriate gi, for all i (see Dehnition 2.17). Each internal vertex of F5 becomes a vertex 
of Ff/ and we shall construct a genus 0 extension on each such vertex. 

Let n be a vertex of F^/ of degree d and assume that, after suitable relabelling of edges, 
the vertex sequence of lk(n) is ..., and the incidence sequence of v is Oi,..., Od- 
Then the cyclic word U contains the subwords {Eq‘‘, for g = 1,..., d, as in Figure 
2.7a (with “e” replaced throughout by “£”’.) 
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Now extend each vertex n of F;/ by a cycle graph as in Step 2 of the definition of 
an extension in Section 2.5. As in the dehnition, if the cycle = Ci • • • q, where d is 
the degree of v and t(cg) = Vq, T{cq) = Vq+i, then using the notation above, we shall have 
Vq = for g = 1,.. .d (superscripts modulo d), as in Figure 2.8c. 

The resulting graph is T'{j. 

To complete Step 3 of the construction of the extension we must extend the labelling 
function '0, defined above on Ai and A 2 , for A G supp(17), to the edges of the cycles added 
to form V'Ij. For the cycle above we define, for g = 1,..., d. 



V'(cq) = if o{Eq) = 1, 

(4.12) 

and 

V'(Cg) = Zf,^0,){EqYP if o{Eq) = -1, 

(4.13) 

where 

dg = OqU-\lq) = h^^^ in, = l_ 

^ if/, = 2. 



Lemma 4.11. The pair (F('r,'0) is an extension of U over H. 


Proof. We must verify that (a), (b) and (c), of Step 3 of the definition of extension, hold. By 
definition of '0, (a) holds. To see that (b) holds, consider a long edge A oiVu and suppose 
that A is replaced by the pair (Ai, A 2 ), in forming F'^. We have defined = cti(A), for 

z = 1, 2. Assume that i{A) = u and t{A) = v. Without loss of generality we may assume 
that the links of u and v have vertex sequences E^, E^, • • •, E^ and ,..., G^jY 

with EY = A~^ and = A. Write Oq = Oq{u) and O'^ = Oq{v), and similarly write 
rq, Iq, fiq and Uq, for rq{u), lq{u), fiq{u) dJid iyq{u)] and r', /i^ and i/', for rq{v), lq{v), 

fiq{v) and Vqiv). We may assume (by reversing orientation of all vertices if necessary) that 
Oi = 1. From Lemma 2.15, the cyclic word U' contains 


and 


\Od 


(4.14) 


and 



(4.15) 


Assume further that u and v are extended by cycles Gu and G„, where Gu = ci - ■ ■ Cd and 
Gv = cY ■ ■ Cj, with 


i{cq) = Vq,T{cq) = Vq+i, z(Cg) = u' aud r(Cg+i) = n'+i. 


Then 


YAiY =Vi = i(ci), i(A^J =V2 = r(ci), r(A;/J =v[ = Ydf) and r(A^/J =v'^ = r(c'J. 

Consider first the case o(A) = 1. As Si = —1 and hi = 1, we have pi = 2, i^i = 1, = 1 

and = 2. Then 

Yici) = = ^2(A) (4.16) 
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and 


li O'j = 1 then 


and 


/i = i/i = 1 , n = /ii = 2, i{Ai) = t(ci) and ^(^ 2 ) = r(ci). 

V’(c'i) = Vi(^) = ^i(^) 


/' = v[ = 2,r[= = 1 ,t{A 2) = i{c[) and t{Ai) = 

We therefore have a closed path ciA 2 c[Ay^ and, from Lemma 4.8 (i), 

^(ci)^(A2)^(c[)^(Aj^) = Z2(A)a2(A)zi(A)ai(A)~^ =h 1 , 


(4.17) 


so (b) holds in this case. If = — 1 then 

V'(c'i) = = ^i(7l)”^ (4.18) 

and a similar argument shows that we have a closed path ciA 2 c'^^A'^^] so (b) also holds 
in this case. 

Now suppose that o{A) = —1. Then, from (4.14), U' contains A~^, so cr^A) = (—1, —1). 
From (4.15), then 0[ = —1. Hence 

ij{ci) = and = Z2(7l)-^''W). (4.19) 


If ri = /( and li = r[ then 


= Z2iA)-^~'^^^^ = Z2iAY~'^^^\ 


and 


T{ArY = t{AiY = 
SO we have a closed path 

Y{ci)i){ArYY{c'i)Y{Ai;^) 


i{c\) and t{AiY = r(H^'J = t{c\), 
and 

= zi{Ar~"^^^^arM)^ 2 {Ay~"^^^^aiYA)-\ 


Thus, as e = —1, if /i = 1 we have 

Y{ci)ilj{ArYY{c!YY{A~^Y = zi{A)~^a2{A)~^Z2{A)~^ai{Ay 

and if /i = 2 then 


ip{ci)ip{ArY)ip{c\)ip{Ai^) = zi{A) ^Q!i(H) ^Z 2 {A)ai{Ay 

and in both cases (b) follows from Lemma 4.8 (ii). The case ri = r[ and li = follows in 
the same way, so (b) holds in all cases. 

As '4!{U') = F, (c) holds. Therefore we have an extension of U over H, as required. □ 
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4.3 Length and genus of (F'^, ip) 

The next two Lemmas prepare the ground for the proof of Lemma 4.14. 

Lemma 4.12. Let n® he the vertex ofTu obtained by collapsing the boundary component 
Wj of S to a point. Let Ep ,..., be the vertex sequence of lk(np, and Oi ,..., the 
incidence sequence of Vj. Then 0(fFj) is conjugate to uf® • • where 

^ ^{si^^PEq+i), ifOq = l 

tfOq = -l. 

Proof. By dehnition of the cyclic word U contains {Ep, and hence W contains 
(EpS'P'-^Efpl+po,^ ^here 

ifO, = l, 
ifo, = -i, 


for g = 1,..., d. Moreover, from Lemma 2.15, the cyclic word U' contains {EprqE^plf^^^p^'’, 

in place of {Ep. Hence, by considering all the possible values when Oq = ±1, 
o{Eq+i) = ±1 and = ±1, we see that if = 1 then S'' = {Eq^i), while if Oq = —1 

then S'' = S*^^(Eg). □ 

In the following lemma we abbreviate the notation of Dehnition 4.6, writing a/^, bi^, 
Si,, br, and for ai^Eq), h^Eq), si^Eq), Or^Eq), br^Eq) and Sr^Eq), respectively. 

Lemma 4.13. Let v be a vertex of Tu with incidence sequence Oi,...,Od and link 
Ep ,..., E^p-. Let Cy = Cl ■ ■ ■ Cd be the cycle extending v, let Vq = {o{Eq), Oq] o(Eg+i), Og+i), 
and tq = 'ijj{cq)'ij{cq-ii), for q = 1,... ,d. Then, for q = 1,... ,d, 


blq ^lq(^rq1 

if o{Eq) 

= 1 and Oq = \ 

aOsZ^hy. 

Iq 1 q ' Q ^ 

*/ 0{Eq) 

= 1 and Oq = —1 

O'lq Or,, 

if 0{Eq) 

= —1 and Oq = 1 

K^L^rqbrq, 

if o{Eq) 

= —1 and Oq = — 1 


Vq = {e,6 : 7 , dy), for some e, <5 ,7 = ±1, 

and 

(P U = ^fVq = (1,1; 1,1), 

(ii) tq = %f Vq = (1, -1; 1, -1), 

(ill) tq = if Vq = (1,1; -1, -1), 

(iv) tq = ifVq = ( 1 , - 1 ; - 1 , 1 ), 
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(v) tg = ifVq = (-1,1; 1,1), 

(vi) tg = ^f Vg = (-1, -1; 1, -1), 

(v^^) tg = ifVg = (-1,1; -1, -1) and 

(viii) tg = ifVg = (-1, -1; -1, -1). 

Proof. If o{Eq) = 1 then 


V'(Cg) = Z^^iEg)^^ 



and the expressions of a{cg) when o{Eg) = 1, follow. When o{Eg) = —1 then 


'IpiCq) 


Z^l{Oq){Eq 


\OqV 1 


(h) 


[a2{Eg)-^ar{Eg)\'~"^^'^\ if O, = 1, 

[b^{Eg)-hl{Eg)S2{Eg)-^bl{Eg)]-'^'"^^''^ , if O, = -f, 


and the given expressions for ■^(cg) when o{Eq) = —1 follow, on considering the two 
possibilities, Iq = 1 and Ig = 2. That Vg is determined by its hrst three entries, as claimed, 
follows from the dehnition of Og. 

To compute tg, observe that, from Lemma 2.15, if Og = 1 then U' contains 
so that Orq = &/,+!• Similarly, if Oi = —1 then U' contains so = br^. 

To see that (i) holds note that when o{Eq) = o(T'g+i) = Og = Og+i = 1, we have Ig = z/g, 
Tg = liq, Iq+i = Uq+i and Tg+i = /ig+i. As Og = 1 we have so 

tg = [bl,qSuqClfJ.q][buq+lSiy^^j^afj_^^j^] = [6;^ ®Z<J ®r-g ] 0^, +J = s s i^q_^arg+i ■ 

The other seven cases follow similarly. □ 

Lemma 4.14. Let v be an internal vertex ofTs and (as on page 44) Et B[ = {v\,... ,nj} 
he the set of vertices of Vs corresponding to the eguivalence class Bi, and let gi be the 
S-genus of Bi. Let Cy and Oj be the cycles extending v and Vj, respectively, in T'^. Then 
the pair (T'^, fj) is 

1 . a genus 0 joint extension on v by the cyclic word fj^Cy) and 

2. a genus gi joint extension on B[ by the words t/’(0{),... ^'ipiCl.). 

Proof. First let u be any vertex of Tf/, with incidence sequence Oi,...,Orf and let 
El^ ,..., E^"^ be the vertex sequence of lk(M). Let 0„ = Ci • • • q be the cycle extending 
u. It follows from Lemma 4.13 that all the words a; , , bi and by cancel in the product 

^/J{Cy)=^/J{cl)■■■^/J{cd).^hns 

fj{Cu) = '0(ci) • ■■'lp{Cd), 
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where 


if o{Eg) = 1 and Oq = 1 
if o{Eq) = 1 and Oq = —1 
if o{Eq) = — 1 and Oq = 1 
if o(Eg) =-1 and Og =-1 

If u an internal vertex of r 5 then, by dehnition, si^ = = 1, for all q. Therefore, for the 

internal vertex n of r 5 we have 'ip{Cv) = 1. Moreover, if v is an internal vertex of T^ then 
it is also a vertex of Tvi/ and hence has degree at least 3, unless U = for some A G A. 
Thus (i) and (ii) of Definition 2.17 hold, and 1 follows. 

Assume now that u = Vj E B[. If o{Eq) = e, for fixed e = ±1, for all g, then it follows 
from Lemma 4.12 that 'ip{Cu) is conjugate in H to 6 {Wj). Hence we may assume that 
o{Eq) = 1 for at least one index q and that o{Eq) = —1, for at least two indices q. In this 
case we may, by renumbering the Eq if necessary, choose Ei such that o{Ei) = — 1 and 
Oi = 1. Let 1 = A < *2 < • • • < * 2 m < d be integers such that o{Eq) = —1 if and only if 
q e {A,.. .02m}- Then Oq = -1 if i 2 j < q < Oj+i, and Og = 1 if Oj+i < q < ku+i), for 
j = 1,..., m (subscripts modulo 2m). Therefore 

0{Ci} = OiCiO = ■■■= = 1 , 

) = Si^^, , for j = 1,..., m, 

V'(cg) = for Oj+i <q< * 20 + 1 ), and 
i>{cq) = for Oj <q< Oj+i- 

Hence, for j = 1,..., m, 

where the subscripts of i are integers modulo 2m. From Lemma 4.12 again, it follows that 
OiCjji) is conjugate in H to 9(WA. 

J J 

This is true for all vertices of so if B[ = {nj,..., then 

genus^(V'(C'j),..., OiCl}) = genus..., 9{Wl.)) = gi-O + l, 
where Qi is the S'-genus of Bt. Thus (i) of Dehnition 2.17 holds for the extension of H' by 

Oici),...,oici). 

To verify (ii), suppose that gi = 0, ti = 1 and that the degree of v\ is d. Then 
genusj:^('0(Cj)) = genusj|^(6'(hF{)) = 0 and Lemma 4.10 implies that genus^(_ 4 )(iy{) = 0. If 
d = 1 then Wl = 1. But Wl = S{El} is a cyclic subword of the Wicks form W (or it’s 
inverse) and by dehnition W is cyclically reduced. Therefore this can’t occur. 

Now suppose that d = 2. Then n* has link E}, E^^, and since there are an even number 
of non-alternating edges incident to every vertex of Tvk, o{Ei) = 0 ( 7 ^ 2 ) = ±1- Moreover W 
contains {E }and {E^^, where 5' is dehned in the proof of Lemma 
4.12. If o{Ei) = 0 ( 7 ^ 2 ) = 1, then Oi = O 2 and contains E}S[E 2 ^^ and E^'^ . In 


0{Cq) = < 


5 

S 


9 ’ 

-1 
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this case the label of the cyclic word hh® is so S[ = Hence W is redundant, 

a contradiction. In the case o{Ei) = o(i? 2 ) = —1, we may assume that Oi = —O 2 = 1 
and so contains El^S[E 2 ^^ and Ef^. In this case the boundary label of IV® is 
(S'iS' 2 ~^)^^, so IV contains two occurrences of Ef^S[E 2 ^^, which again implies redundancy. 

Therefore part (ii) of Definition 2.17 holds. Thus, we have the required genus Qi exten¬ 
sion of H'. □ 

We are now in a position to complete the main part of the proof of Theorems 2.23 and 
2.24, by showing that (T'^,-^) is the required extension of U over H. Once this has been 
done the remaining step is to bound the length of R, and this is addressed in Section 4.4. 

Proposition 4.15. Let genus(S') = k and let g = n — k. Then the pair (r'^,'0) is a genus 
g extension of U over H, of length at most 2K{n){12l + M + A). 

Proof. Let Oi,..., Cq be the cycles extending the vertices of T;/ corresponding to the Q 
boundary components of S'; and let Og+i,..., be the cycles extending the internal 
vertices of S. Then the length of is 

Q+t 

i=l 

For 1 < j < Q -|- f, we have ifiCj) equal to a product of terms of the form aj{A), bj{A) 
and Sj{A), where H is a long edge of IV, and j = 1 or 2. From the proof of Lemma 4.11, 
in particular equations (4.16), (4.17), (4.18) and (4.19), for each long edge H of IV and for 
j = 1,2, each of aj{A), bj{A) and Sj{A) occurs in exactly one '0(c), for some letter c of one 
of the cycles C^. 

Every Sj{A) is the product of the labels of the short edges between two consecutive 
long edges of IV; and short edges have labels in E{X) of length at most 12/ + M + A. Each 
aj{A) and bj{A) is a word of length at most 5/ -|- M -|- 3 arising from a long edge of IV 
(Lemma 4.5). 

By Lemma 2.10, the maximum number of letters in IV is iF = max{2,12n — 6}. Thus 
the sum of number of short letters and long letters is at most K. Therefore, if S and C are 
the numbers of short edges and long edges of IV, respectively, the length of the extension 
is bounded by 


{121 +M+ A)S+ 2{5l +M+ 3)C < 2K{121 + M + A). 

From Lemma 4.14 (F'0,'0) is an extension of genus Yl^=i9i^ proposition now 

follows from Lemma 4.10. □ 

Combining equation (4.11) and Proposition 4.15, we have the required extension and 
it remains only to verify the bound on the length of R. 
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4.4 Bounding the length of R 

Now assume h = RFR~^, where h satisfies the hypotheses and F the conclusions of 
Theorem 2.23 or Theorem 2.24. We shall consider the geodesic quadrilateral with sides 
labelled F,R~^,h~^,R, based at 1 in and refer to these geodesics by their labels. 

We apply Lemma 2.3 to this quadrilateral, with 70 = F. This gives a partition F^, F^, F^ 
of F such that Fr^ (5-fellow travels with an initial segment of R~^, Fr^ (5-fellow travels 
with a terminal segment of R and F~^, which may be empty, 2(5-fellow travels with a 
segment of h, as in Figure 4.7a. Assume first that F satisfies 1 of Theorem 2.23 or 


h 



< 25 

,, 



< S 

1 -► < 


-► 1 


Ft, Fj Ft 

(a) A partition F^,F^,Fr 


h 



ho q hi 


> i -• 


h 

; a 

- ► 

Fi 


e{E) 


(c) p lies on F^ and q on h 


Figure 4.7 

Theorem 2.24. If |F| < 12/ + M + A5 + b then, from Lemma 2.2, there is R such that 
h =H RFR~^ and |i?| < |/i|/2-|-6/-|-3M/2-|-2(5-|-7/2, as claimed. Therefore we assume that 
\F\ > 121 + M + A5 + 5 and that F = 0(hF), where hF is a Wicks form of the appropriate 
type, with \9{E)\ < 12/ + M + A, for all E G supp(hF). Moreover, we assume that R is 
minimal, in the sense that, for all {W',6') G F, with no long edges, if h =h R'0\W^)R'~^ 
then |i7| < |i?'|. 

Let p be a vertex on F such that \d{p, i{F) — d{p, t{F)\ < 1. First suppose that p lies on 
F^ or Fr, so there is a vertex g on 7? or R~^ such that d{p, q) < 6. Without loss of generality, 
we may take q to lie on R~^ and we take d to be the label of a geodesic from q to p. Then 
R = RqRi, where r(i?o) = ^(-Ri) = q and F = FqFi, where r(Fo) = l{Fi) = p, as in Figure 
4.7b. This means |i?i| > |Fi| —5 and as |Fi| > {\F\ —1)/2, we have |i?i| > 61 + M/2 + 5 + 2. 
However \0{E)\ < 12/ -|- M -|-4, for all E G supp(kF), so p is distance at most 6 / -|- M/2 -|- 2 
from the initial vertex of 0(77^^), for some E G supp(kF). Thus a~^FiFQa = d{W'), for 
some cyclic permutation W of W and some a G F{X) with |a| < 61 + M/2 + 2 (see Figure 
4.7b). Let F' = 0(W'). As 7?i = dFi, we have h =h RodFiFod-^R^^ = RodaF'a-^d-^R^^ 
and \Roda\ < |7?o| + |a| + \d\ < |7?o| +61 + M/2 + 6 + 2 < |77o| + |77i| = |7?|. As W' is a Wicks 
form we may replace (W, 9) and F, in the conclusion of Theorem 2.23 or Theorem 2.24, 
by {W, 9) and F' and then replace R by R^da. However, this contradicts the minimality 
of |7?|. Therefore we may assume that p lies on F^. 

As p E F^ there is a vertex q on h such that (7(p, q) < 26, and we now take d to be the 
label of a geodesic from such a vertex q on h to the vertex p on F, as in Figure 4.7c. Let 
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h = hohi, where r(/io) = q = i{hi)] so h = h 2 hihoh 2 ^, for some h 2 such that \h 2 \ < \h\/2 
(i.e. /i 2 = ho or h^^). Then hiho = dFiFQd~^ so h = h 2 dFiFQd~^h 2 ^ = h 2 daF'a~^d~^h 2 ^, 
with a and F' as before. Now \h 2 da\ < \h\/2 + 26 + 61 + M/2 + 2 and by hypothesis 
|i?| < |h 2 da|, so in all cases we have \R\ < \h\/2 + 6/ + 3M/2 + 7/2 + 26. 

Now assume that F satishes 2 of Theorem 2.23 or Theorem 2.24. If R is an i7-minimal 
element of F{X) such that h =h RFR~^, where F = 0{W), then we say that i? is a 
conjugator for (IT, 9). Since we assumed that IT ends in a long edge we call R a minimal 
conjugator if 72 is a conjugator for (IT, 6) and, for every cyclic permutation IT' of IT which 
ends in a long edge, and every conjugator R' of (IT', 6 *), we have |i2| < |i?'|. Assume then 
that 72 is a minimal conjugator. Then F has a partition ai,... ,af, such that 1 and 2 of 
Lemma 4.5 hold (with at in place of Fi). Let P = {r(Q!j) : 1 < i < / — 1}. Then, from 
Lemma 4.5 again, P 7 ^ 0. Suppose that p lies on F^ or F^-, for all p E P. Then, without 
loss of generality we may assume that p lies on P^-, for some p G P; so there exists a point 
q on R~^ such that d{p,q) < 6. Factorise R = RqRi and P = PqPi, as in the previous 
case. This time PiPq is the label of a Hamiltonian cycle on a graph corresponding to the 
extension given by the theorem, and the point p is, by dehnition v{Ui) for some long edge 
Ui- Thus PiPo is the Hamiltonian cycle of an extension constructed from a permutation 
IT' of IT ending with a long edge. Hence we may replace P by PiPq in the conclusion of 
the theorem. We have |Pi| > 6/ + 2, since is a subinterval of Pi, so |Pi| > 6/ + 2 — <5, 
and h =h RodFiFod~^Ro, where |d| < 5 < |Pi|, contrary to the choice of |P| as a minimal 
conjugator. This contradiction shows that p lies on P^, for all p E P. 

Now choose p E P, so the geodesic d from some point q on h~^ to p has length at most 
26. Now (7 is a conjugator, for a cyclic permutation of IT ending in a long edge, and by 
minimality of R we have |P| < |h|/2 + 26, as required. □ 
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